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A super Lie group is a group whose operations are G°° mappings in the sense of Rogers. 
Thus the underlying supermanifold possesses an atlas whose transition functions are G°° 
functions. Moreover the images of our charts are open subsets of a graded infinite-dimensional 
Banach space since our space of supernumbers is a Banach Grassmann algebra with a count- 
ably infinite set of generators. 

In this context, we prove that if 1} is a closed, split sub-super Lie algebra of the super Lie 
algebra of a super Lie group Q, then [) is the super Lie algebra of a sub-super Lie group of 
Q. Additionally, we show that if q is a Banach super Lie algebra satisfying certain natural 
conditions, then there is a super Lie group Q such that the even part of Q is the even part of 
the super Lie algebra of Q. In general, the module structure on q is required to obtain Q, but 
the "structure constants" involving the odd part of q can not be recovered without further 
restrictions. We also show that if H is a closed sub-super Lie group of a super Lie group G, 
then Q — > Q/TL is a principal fiber bundle. 

Finally, we show that if q is a graded Lie algebra over C, then there is a super Lie group 
whose super Lie algebra is the Grassmann shell of g. We also briefly relate our theory to 
techniques used in the physics literature. 

We emphasize that some of these theorems are known when the space of supernumbers is 
finitely generated in which case one can use finite-dimensional techniques. The issues dealt 
with here are that our supermanifolds are modeled on graded Banach spaces and that all 
mappings must be morphisms in the G°° category. 
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1 Introduction 



Although mathematicians and physicists have been developing the theory of super Lie groups for 
over a quarter of a century, there remains a gap in one of the formulations of this theory. From 
almost the beginning, there have been at least two distinct approaches to the foundations of the 
superanalysis underlying the theory. Chronologically, the first of these is based on techniques 
reminiscent of ideas from algebraic geometry. We think of this approach as the sheaf theoretic 
development of supermathematics even when the theory of sheaves may not explicitly appear 
in some specific treatments of the subject. Certainly, Berezin, Leites, and Kostant ^1] were 
forerunners of this method and for that matter of the entire theory. 

A second approach to the formulation of superanalysis and super manifolds was initiated sep- 
arately and differently by Rogers ^7] and DeWitt [71 . Their work is more closely related to tra- 
ditional ideas in manifold theory. Much work has been done describing both the sheaf theoretic 
and manifold theoretic descriptions of supermanifolds and how they are related, but we men- 
tion only a few whose work has directly impacted our work here, namely Rogers |17| . |18j . |19j . 
Batchelor :2 ; , and Bruzzo 0- 

The gap which we perceive to exist has to do with the treatment of super Lie groups due to 
Rogers |19j . She, in fact, has laid out the basic theory of supermanifolds based on a space A 
of supernumbers which is in fact a Banach algebra generated by either a finite or a countably 
infinite number of Grassmann generators. Her supermanifolds are locally modeled on Banach 
spaces = (A°) p x (A 1 ) 9 where either A = A^r has N generators or A = Aqo has an infinite 
number of such generators. In her paper on super Lie groups ^5] she derives basic theorems 
about super Lie groups, but the deeper results are obtained only when A = A^v- In this case it 
turns out that, with considerable effort, one can reduce the deeper theorems to corresponding 
theorems for ordinary finite dimensional Lie groups. It is asserted that it would be interesting 
to develop these ideas in case A = Aqo and that there are explicit areas of quantum field theory 
where such results would be useful. This same conclusion is asserted in the book by Freund [S]. 

It is our purpose to fill this gap in the Rogers approach to super Lie groups. Infinitely 
generated Grassmann algebras are both more and less complicated than in the finitely generated 
case. Since there is no generator of maximal order, there are no ambiguities in the top dimension. 
In the finitely generated case, the highest order derivatives of a function are not unique; this 
ambiguity sporadically surfaces and can be a source of difficulty which continually requires 
consideration. On the other hand, in the infinitely generated case, we are not able to appeal 
to corresponding theory of finite dimensional Lie groups. We are able to utilize the theory of 
Banach Lie groups at various points of our development, but even when we are able to do so, 
we often must develop the machinery needed to assure that we remain in the "supersmooth 
category" . 

Our notation throughout the paper is an amalgam of that of Rogers |17j and Buchbinder and 
Kuzenko [Hj. We strive for completeness, thus Section 1 provides the basic definitions and results 
from Rogers |17j . |19j essential to our development. Section 2 provides the connections needed 
between smooth Banach manifolds and supersmooth super manifolds. Section 3 examines what 
is required in order that a subset of a supermanifold be a sub-super manifold. 

Section 4 contains our main results. This includes a determination of when a sub-super 
Lie algebra f) of the super Lie algebra C(G) of a super Lie group Q is in fact the super Lie 
algebra of a sub-super Lie group of Q. We also find conditions under which the even part of 
an abstract Banach super Lie algebra is the even part of the super Lie algebra of some super 
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Lie group Q. Given a super Lie algebra g we show that there exists a super Lie group whose 
G°° structure is determined by the even part of g, but the odd part participates only through 
its module structure. Without other conditions, which we do not obtain here, the super Lie 
structure on g is not recovered from the super Lie group Q. In fact different super Lie structures 
on the odd part do not change the super group Q, although different module structures on g 
will result in different super group structures on Q. Along the way we also show that if TL is a 
closed sub-super Lie group of a super Lie group Q, then Q — ► Q /TL is a principal fiber bundle. 
We emphasize that all of this work requires an infinite number of Grassmann generators of our 
space of supernumbers. 

Finally, in the last section of the paper, we show how to apply our results to those types of 
super Lie groups prevalent in the physics literature. In that context super Lie groups often arise 
by beginning with a super Lie algebra which is used to construct a super Lie group using the 
exponential mapping and the Campbell-Hausdorff formula. This is an effective procedure but 
does not address the issue of finding a super smooth atlas for the group. In particular, one also 
has no way of determining the topology of the super Lie group. Our theory settles these issues 
when the underlying module structures utilize infinitely generated supernumbers as scalars; we 
emphasize that the finitely generated case was dealt with by Rogers [TJ||. In this last section we 
show how our results relate to procedures utilized in the physics literature especially for super 
Lie groups and super Lie algebras of matrices with supernumbers as entries. Additionally, we 
show that for every graded Lie algebra g over C, there exists a super Lie group Q whose super 
Lie algebra is the Grassmann shell g~/^ of the Lie algebra g. 

The authors are grateful to T. Ratiu who provided us with information and references re- 
garding the theory of Banach Lie groups. He is, of course, in no way responsible for any 
misunderstanding or misuse of these ideas in this paper. 

2 Preliminary Definitions and Results 

We first briefly describe our conventions regarding supernumbers. Let K denote either the field 
M of real numbers or the field C of complex numbers. For each positive integer p let I p denote 
the set of all mult-indices I = 12, ■ ■ ■ , i p ) of positive integers such that 1 < i% < %% < • ■ ■ < i p . 
Let {C 1 , C 2 ) C 3 ] " " " } denote a countably infinite set of distinct Grassmann generators of the 
Grassmann algebra of formal power series 

*=££ d) 

where is defined to be the formal product £ n £* 2 • • • £'p for each multi- index I. Our supernum- 
bers are by definition the set A of all such formal series z for which the norm of z defined by 

11*11 = ££w- (2) 

is finite. Although I p is infinite, it is countable and the series ^/ex p \ z l\ ^ s therefore absolutely 
convergent. See jTTJ for full details. Let °A denote the set of all even supernumbers, i.e., z is in 
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U A if and only if 

oo 

* = £ £ ziC 1 (3) 

p=0 /GX 2p 

Such supernumbers are called commuting supernumbers where the p = term is understood to 
be an element of K. Similarly, odd supernumbers are by definition those z € 1 A for which 

oo 

* = £ £ *C (4) 

p=o iei 2p+ i 

Odd supernumbers are anticommuting supernumbers. The supernumbers in °A U 1 A are called 
pure. Pure supernumbers have parity e = ±1 where e(°A) = and e( 1 A) = 1. The soul of a 
supernumber is defined to be 

oo 

*s = £ £ ( 5 ) 

33=1 ielp 

The body of a supernumber is denoted zb € IK and is defined for each z € A by z = zb + zs- 
Our space A of supernumbers is denoted -Boo in JZj where K = R. We have not included a notion 
of super conjugation as we do not assume that K has a conjugation. When K = C we could 
give A a conjugation as is done in 0. In other treatments supernumbers are often formed from 
a finite set of L-Grassmann generators, for example in this is denoted Bl. We consistently 
work in the infinite case throughout this work. 

Proposition 2.1. The set A of supernumbers is a Grassmann algebra and is a Banach space 
relative to its norm. Moreover, for z, w E A, \\zw\\ < and consequently A is a Banach 

algebra over IK. 

The proof can be found in |17j . 

Definition 2.2. Let ¥L p \ q denote the set of all (p + q) -tuples z = (x 1 , . . . , x p , 9 1 , . . . , 6 q ) where 
x m £ °A for m = 1, 2, ... ,p and 8 a € 1 A for a = 1, 2, . . . , q. In a more compact notation we 
also write z = (z M ) for M = 1, 2, . . . ,p + q. The norm on is induced from the norm on A, 

p q p+q 

\\ Z \\ = Y^ \\x m \\ + £ \\e a \\ = £ ||z M ||. (6) 

m=l a=l M=l 

We define the dimension ofW^ g to be (p\q)- 

Since A is complete it is straightforward to prove that W^ q is complete and consequently ~K p \ q 
is a Banach space. 

Definition 2.3. A 1,2 -graded vector space U over a field IK is a vector space over IK with 
subspaces Uq and U\ such that U = Uq © U\. Vectors in U$ are termed even and have parity 
c(Uq) = whereas vectors in U\ are termed odd and have parity e(f7i) = 1. Suppose dim(Uo) = p 
and dim(Ui) = q then we say U has graded dimension (p,q). 

Algebraists often refer to such spaces as called superspaces, however we will reserve that term 
for spaces built over A. Graded will always refer to ^-grading in this paper. 
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Definition 2.4. A TL^-graded algebra V = Vo ffi V\ is a graded vector space with a multiplication 
such that 1 € Vo and V r V s C V r+S mod 2. 

Definition 2.5. A graded- commutative algebra W is a ^-graded algebra such that for allv E W r 
and w E W s we have vw = {—l) rs wv for r, s = 0, 1. 

Definition 2.6. A graded Lie algebra is a graded vector space U = Uq ffi U\ over K with a 
bilinear bracket [ , ] : U x U — > U which is graded [U r , U s ] C U r + S for r, s = 0, 1, and for all 
a,b,c £ f/oU C/i u>ii/i parities e a , e^, e c satifies the graded Jacobi indentity 

(-l)—[a, [6,c]] + (-l) e ^[6, [c,a]] + (-l)^[c, [a,b]] = 

and i/ie graded skewsymmetry condition, 

[a,b] = -(-l) e " eb [b,a]. 

Algebraists often refer to such graded Lie algebras as superalgebras, however we will reserve 
that term for algebras built over A. An associative graded algebra can be given the structure of 
a graded Lie algebra by defining the bracket to be 

[a, b] = ab - {-l) £aeb ba. 

This is the supercommutator which functions both as a commutator and an anticommutator 
depending on the inputs. A graded commutative algebra has a trivial supercommutator and 
will be called a graded- Abelian Lie algebra. Many things are known as graded Lie algebras over 
C, see for the classification of all finite dimensional graded Lie algebras and a rehashing of 
much of classical Lie theory in the graded case. 

Definition 2.7. A graded left A-module is a graded vector space U = Uq © Ui which is a left 
module which respects the parity structures of U and A; that is °AU r C U r and 1 AU r C U r +i 
for r € {0, 1} = Z2. Likewise a graded right A-module is a graded vector space U = Uq © U\ 
which is a right module which respects the parity structures of U and A; that is U r °A C U r and 
U r A C Ur+i for r £ {0,1} = Z2. A A bimodule is a left-right A-module U that satifies an 
intertwining relations {av)0) = a{vf3) for all a,/3 £ A, v G U, and jw = (—ly^^wj for all 
w e U Q U Ui and 7 G °A U 1 A. 

If IK = C and we add conjugation to a A-bimodule we would have the structure of a supervector 
space similar to that defined by DeWitt. We will focus on left module actions, but this is not a 
necessary restriction, many constructions allow a right multiplication of A and a conjugation if 
we have IK = C. We will avoid the issue of conjugation in this paper. 

Definition 2.8. A graded Lie left A-module is a graded Lie algebra W over IK which is a left 
A-module such that 

[aX,Y] = a[X,Y] 

for all a £ A and X,Y eW. 

Definition 2.9. A graded Lie right A-module is a graded Lie algebra W over IK which is a right 
A-module such that 

[X,Ya] = [X,Y]a 

for all a £ A and X,Y eW. 
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Proposition 2.10. Given a left A-module V we can construct a right A-module according to 
the rule 

Xa = (-lyW'MaX. (7) 

for all X G Vq U V\ and a G °A U 1 A. Likewise, a graded Lie left A-module W is given a natural 
graded right Lie A-module under the same rule. 

It is trivial to verify that V has a right A-module structure as defined in the proposition. Consider 
the following to see that W is a right Lie A-module, 

[X,Ya] =(-iy( x ^ Y ^ +1 [Ya,X] 

= (_iy{xXe(Y)M<*))+i[(-iy<y)<a) a Y,X] 

= ^_ 1 y(X)e(Y)+e(aMX)+e(Y))+l^_iy(a)e([Y,X])^X}a ^ 
= (_ 1 ) e (X)e(y)+fW( E (X)+eO'))+l(_ 1 ) £ (a)(e(r)+ E (X))(_ 1 j E (X) E {y)+l[ I)y ] Q 

= [X,Y]a 

we have employed the useful relations e(Ya) = e(Y) + e(a) and e([Y,X]) = e(Y) + e(X) for all 
pure X,Y G W and pure a E A to make the needed cancellations. This calculation shows that 
we can always induce a right Lie-A-module structure on W given that W is a left Lie-A-module. 
Notice that if V is a left A module then it is also a right A module, this is almost a supervector 
space. When IK = C and there is a conjugation on V which is an anti-involution respecting the 
A module structure then we say that V is a supervector space. 

Definition 2.11. A super Lie algebra is a left Lie A-module. 

As we have discussed this automatically induces a right Lie A-module structure. Other authors 
include a conjugation in the definition of a super Lie algebra but we allow the base field IK to be 
K or C only in the later case is it natural to introduce a super conjugation on A. 

Definition 2.12. Let V be a graded left A module and let m = l,2,...p, a = l,2,...q and 

E m G Vq, E a g V\ then we call {E m ,E a } a pure basis of graded dimension (p,q) if there exist 
v m ,v a G A for each v G V such that 

p q p+q 

v = J] v m E m + J] v a E a = ^ v M E M 

m=l a=l M=l 

where we also denote {E m ,E a } = {Em} with Em = E m for M = m = 1, 2, . . . p and Em = E a 
for M = p + a = p + l,p + 2, . . .p + q. For convenience denote €(Em) by cm- 

One should notice that IEC P ' 9 is not a left A-module, multiplication by 1 A distorts the structure 
of IK^ 9 . It will be important to distinguish the difference between graded dimension (p, q) and 
supermanifold dimension (p\q). It is fairly obvious that we can obtain left A modules from 
graded vector spaces by simply tensoring with A, however not all left A-modules have such 
structure (see Example 4.2a in JZj)- Hence the class of left A modules is larger than that of 
graded vector spaces. 

Definition 2.13. Given a Lie left A-module V of graded dimension (p, q) with pure basis {Em}, 
M = 1, 2, . . . ,p+q there exist structure constants f MN G A such that [Em, En] = Y^K=l fMN^K 
for all M, N = 1, 2, . . . ,p + q. If V possesses a pure basis for which s(f MN ) = for all M, N, K 
then we say that V is a conventional Lie left A-module, otherwise we say V is unconventional. 
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In fact, conventional Lie left A-modules correspond to graded Lie algebras. Our treatment of 
super Lie groups will include unconventional Lie left A-modules which to our knowledge are not 
fully classified at this time. 

Definition 2.14. Let U be open in K^ q and let f : U -> A. Then 
(1.) f is said to be G° on U if f is continuous on U. 

(2.) f is said to be G 1 on U if there exist p+q functions GmI '■ U —* A, M = 1,2, ... ,p + q and 
a function rj : W^ q — > A such that, if (a, b), (a + h,b + k) G U 

p q 
/(a + h,b + k) = /(a, b) + h m (G m f)(a, b) + £ k a (G p+a f)(a, b) + \\(h, k)\\ V (h, k) 

m=l a=l 

where \\r)(h, k) 1 1 -> as \\rj(h, k) 1 1 -» 0. 

(3.) for a positive integer s, f is said to be G s on U if f is G 1 on U and it is possible to choose 

G M f ■ U -> A, M = 1, 2, . . . ,p + q which are G 3 ' 1 on U. 

(4-) f is said to be G°° on U if f is G s for every postive integer s. 

( 5.) for a postive integer s, let g : U — > A s where A s is the Cartesian product of s-copies of A, 
and let Pm '■ A s — > A be the projection onto the M-th factor (Pm{c^ ,(? , ■ ■ ■ , c p+q ) = c M ). Then 
g is said to be G s or G°° if each component function g M = Pm og,l<M<p + qis likewise 
G s or G°°. 

We comment that there are ambiguities that arise in choosing the functions Gm/ in the case that 
the underlying Grassmann algebra has only finitely many generators. That ambiguity has been 
dealt with in various ways by different authors. To deal with this difficulty, Rogers introduced 
the " z-mapping" in and later the GH°° functions j^H] ; additionally Rothstein suggested 
another solution and Bruzzo [2] introduced the notion of a G-function. All of these are similar 
in spirit to Roger's original definition which is of course inspired by classical analysis. We avoid 
the controversy by focusing on the case of infinitely many Grassmann generators, in this case 
the ambiguity is not present. As a consequence we are forced to use infinite dimensional Banach 
manifolds in our treatment, as opposed to Roger's who was able to capitalize on the fact that 
super Lie groups over Bl ( for L < oo ) are also finite dimensional analytic Lie groups. 

Proposition 2.15. // U is open in K p \ q and f G G°°(U), then f G C°°(f7, A) the space of all 
C°° maps of U into A. In particular, regarding the s-th total derivative of f as a multi-linear 
transformation from (K p \ q ) s to A, 

dtf{H lt ...,H S ) = [cf /(c)][#i, ...,H S ] = Y1 P mI..,m s =x H ^ ■ • • H ?'( G * ■ ■ ■ G mJ)(c) 
for allcGU and [H 1: . . . , H s ] G (K^ q ) s 

This is Proposition 2.8 of |17j . The d s is an iterated Frechet derivative and is explained in ^1 
for the infinite dimensional case. 

Proposition 2.16. Let U be open in K p \ q , f,ge G°°{U), a G °A U 1 A, and A G K. Then 
(1.) f + ge G°°(U) and G M (f + g) = G M f + G M g forl<M<p + q 
(2.) Xf G G°°(U) and G M (Xf) = AG M / for 1 < M < p + q 

(3.) If E and Q represent projection maps of A onto °A and 1 A, respectively, then E o / and 
Q o f are in G°°(U). Moreover G°°(U) is a graded vector space with 

G°°(U) = {/ G G°°(U) | E o / = /} G 00 (t/) 1 = {/ G G°°(U) \ Q ° f = f} 
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We define e{G co {U) r ) = r for r = 0, 1 as usual. 

(4.) f G G°°{U) U G°°(C/)i then af G G°°(U) with G M (af) = (-l) t{a)tM aG M f 

(5.) f,ge G°°(U) U G°°(E7)i ^en / 5 G G°°(£0 with G M (fg) = (G M f)g + (-lf f)tM fG M g. 

(6.) V open in W'\ s and h G G°°(V, W^) ffcen f o h & G°° [hr 1 (U) n V] u»ft 

Gm(/ o &)(a) = X^!^^)^)^/)^)] 

/or H M = P M oH forl<M <p + q and for all a G h^iU) D V, K = 1, 2, . . . , r + s. 

(7.) If the interval I is open in R and h £ C°°(J, K p ^ q ) then f o h G C 00 ^ -1 ^) D J, and 

|(/^)-E P ;:^(«M/)w t )] 

/or tel. 

This is Proposition 2.12 of ^7]. Parts (4.) and (5.) of the proposition above are easily extended 
by linearity to objects which are not pure. 

Definition 2.17. Let M. he a Hausdorff topological space. 

(1.) An (p\q) open chart on Ai over A is a pair (U,tjj) with U open in M. and if) a homeomor- 
phism of U onto an open subset of~K p \ q . 

(2.) An (p\q) G s structure on M. over A is a collection {(U a ,ij} a ) \ a G 1} of open charts on 
M. such that (i) M. = ^ a ^jU a , (ii) for U a n Up ^ the mapping o tp^ 1 is a G°° mapping 
of tp a (U a n Up) onto i>p(JJ a fl Up), and (Hi) the collection {(U a ,ip a ) \ a G T} is a maximal 
collection of open charts for which (i) and (ii) hold. A collection for which (i) and (ii) hold but 
is not necessarily maximal is called a (p\q) G s subatlas on M. over A. 

(3.) An (p\q) dimensional G s supermanifold over is a Hausdorff topological space M. with 
an (p\q) G s structure on A4 over A. 

(4-) Each U a is called a coordinate neighborhood, and each ip a is a coordinate map. For each 
a G X, p + q local coordinate functions are defined by, 

u m = P m o ip a v 13 = P p+ p o if) a U M = P M ° i> a 

where m = 1, 2, . . . ,p, (3 = 1, 2, . . . , q, and M = 1, 2, . . . ,p + q. We use lower case Latin indices 
for the commuting coordinates, Greek indices for the anticommuting coordinates, and upper case 
Latin indices for both. 

( 5.) Setting r = 00 defines the structure of a G°° supermanifold. 

There are other popular definitions used in the literature for supermanifold. For example, graded 
manifolds of Kostant |14| . or the DeWitt [7] or i/°°-manifold, and the definition due to Berezin 
and Leites j3J. All of these are included under the category of G°°-manifold as is discussed in 
|17j . The G°° super manifolds allow a richer class of topologies than the other definitions. 

Definition 2.18. Let M. be G°° supermanifold and {{U a ,ip a ) \ a G 1} a subatlas of M.. If U 
is open in Ai we define G°° functions on U by 

G°°(U) = {/ I / : U - A, with /o^G G°°[ij a (U n U a )\, Va G J}. 

Then G°°(p), the germ of G°° functions at a point p G Ai, is likewise defined by 

G°°(p) = {/ I 3 an open neighborhood N of p such that f G G°°(N)} 
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We say two functions in G°°(p) are equivalent iff they agree on some open set about p. Conse- 
quently it would be more rigorous to say that G°°(p) is the set of equivalence classes of functions 
defined near p. 

Proposition 2.19. Given U open in M, then 

(1.) G°°(U) is a graded commutative algebra over IK with, 

G°°(U) = {/ G G°°(U) | f(U) c °A} 

G°°(U)i = {f € G°°(U) | f(U) C X A} 1 j 

(2.) G°°{U) is a graded left A module with parity defined as in (1.). 
In general we define the parity of functions according to the parity of their range. 

Definition 2.20. Let V and W be graded A-bimodules then we denote L(V,W) to be the set of 

all ordinary ~K-linear transformations from V to W . A mapping L G L(V,W) is a left linear 
mapping if 

L(va) = L(v)a 

for all v G V and a G A. The space of all such left linear maps is denoted by L + (V,W). A 
mapping L S L(V, W) is a right linear mapping if 

L(av) = aL(v) 

for all v E V and a G A. The space of all such right linear maps is denoted by L~(V, W). In 
each of the above cases a linear map is deemed even if it preserves the parity of pure vectors and 
it is odd if it reverses the parity of pure vectors, 

e(L(v))=e(L) + e(v) 

for all L € L(V, W). When V = W we use the usual notation L(V, V) = End{V) with End + (V) 
and End~{V) for left and right endomorphisms, respectively. 

Definition 2.21. Let End + [G°°(U)] denote the set of all left vector space endomorphisms of 
G°°(U), i.e. L € End + [G°°(U)] iff it is an endomorphism over~K in the traditional sense and 

L{fa) = L{f)a 

for allaeA and all f £ G°°(U). 

We note that the super partial derivatives Gm are in End + [G°°(U)]. Other authors prefer to 
use right endomorphisms, for example Our notation is a synthesis of jO] and |17j . 

Proposition 2.22. Let U be open in M. then 

(1.) End + [G°°(U)] is a graded commutative algebra overM, with, 

Snd + [G oo (C/)] = {L G End + [G°°(U)) \ e(Lf) = e(/), / G G°°(U) U G°°(U)x} 
End+[G°°(C/)]i = {L G End+lG^iU)} j e(Lf) = e(f) + 1, / G G°°(C/) U G°°(U)i}. 

If Ld J End+[G oo ([/)] U £W+[G°°(£/)]i and f G G°°(U) U then 

e(Lf) = e(L) + e(f) 

(2.) End + [G°°(U)] is a graded left A module with parity defined as in (!■)■ 
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A similar proposition is true regarding End [G°°(U)]. 

Definition 2.23. Let U be open in Ai. A G°° vector field on U is an element X of End + [G°° (U)] 
such that 

(1.) X(fg) = (Xf)g + (-lf f ^fXg for all f,g€ G°°(U) U G°°(U)i 

(2.) X(af) = (-l) e{a)e{x) aXf for all f G G°°(U) U and a G °A U X A 

The set of all G°° vector fields is denoted D X (U). 

We have affixed the qualifier G°° to distinguish these vector fields from the ordinary C°° vector 
fields which stem from the Banach space structure of Ai ■ Also although our definition is given for 
pure elements it should be clear how to extend linearly to impure functions and supernumbers. 

Proposition 2.24. Let U be open in Ai then D l (U) is a graded Lie left A module with bracket 

[X, Y] = XY — (-iy {x)e(Y) YX 

Since G°° vector fields are in End + [G°°(U)] we already know how to grade them. This is 
Proposition 5.5 of 17 . 



Definition 2.25. Let (U, tp) be a chart on a G°° supermanifold Ai where ip = (u , 
For m = 1, 2, . . . ,p, define 

: G°°(U) —> G°°(U), where £L = [G m (f o ^)] o $ 



du m du 
for all f <E G°°{U). Also, for a = 1,2, ... ,q define 



d 8f 

: G °°(U) -> G°°(U), where = [G p+a (f o ip' 1 )] o ip 



dv a dv 
for all f € G°°(U). These are the coordinate derivatives. 

Proposition 2.26. Let (U, ip) be a chart on a G°° supermanifold A4 of supermanifold di- 
mension (p\q). The coordinate derivatives are pure G°° vector fields on U. In particular, 
form = 1,2,..., p d/du m G D X (U) , and for a = 1,2,..., q d/dv a G D X {U)\. In short, 
d/du M G D l {U) eu for M = 1,2,... ,p + q. 

Proposition 2.27. Let (U, tp) be a chart on a G°° supermanifold Ai where ip = {u , . . . , u p , v , . . . , ' 
(1.) D l (U) is a graded left G°°(U) module. 

(2.) D^U) is a free left G°°{U) module with basis {d/du M } for M = 1,2, ... p + q. 

The definition of a graded left G°°(U) module is analogus to that of the graded left A module 

with supernumbers being replaced with G°° functions. 



3 Supermanifolds Viewed as Banach Manifolds 

Let Ai be a supermanifold. Then one has a maximal G°°-atlas Am on Ai such that for <j>, tp G 
Am, 4> ° V 7 " 1 : i>(U n V) —* (f)(U n V) is a G°° mapping from an open subset ip(U n V) of K p \ q 
of K p l g to another open subset <f>(U n V) . By Proposition 2.8 of ^Ij <p V'" 1 is a l so a C°° map. 
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Proposition 3.1. If KA is a supermanifold with G°° -atlas Am> then KA is also a Banach 
manifold relative to the unique maximal C°° -atlas, containing Am- We denote this Banach 
manifold by (BKA, Abm) where, as sets BAA = KA and where Asm is the maximal C°° -atlas 
containing Am- 

We will use BAA when we wish to emphasize the Banach manifold structure of KA. In prac- 
tice we will work with the subatlas Am of the maximal atlas of the Banach manfold BAA since 
it has the additional G°° structure. 

Recall that one definition of what it means to say v is tangent to a Banach manifold is the 
which follows (see |15j ) 

Definition 3.2. Let M be a Banach manifold modeled on a Banach space B. We say that v is 
tangent to M at x G M and write v G T X M iff v is a mapping from the set of all C°° charts of 
M at x into B such that if (U,ip) and (V,(f>) are C°° charts of M at x then 

v(ip) = g^(»0/> 4>~ 1 ){v{4>))- 

Remark 3.3. A tangent vector v is uniquely determined by the latter transfomation law and its 
values on an atlas of M . So to define a tangent vector v to M at x it suffices to define v at all 
those charts of some atlas of M which contain x in their domain. 

We find the following slight modification of Roger's definition in to be useful in our 
context. 

Definition 3.4. Let KA be a supermanifold and x G AA. We say that v is a tangent to AA at x 
and write v G T X AA iff v is a mapping from G°°(x) to A such that for some open set U C A4 
such that x S U and for some G°° vector field X £ 

v(f)=X(f){x) 

for all f € G°°(U). We say that v is even and write v G T®M iff v(G°°(x) e ) C e A for e = 0, 1. 
Likewise, v is odd and write v G T*M iffv(G°°(x) e ) C e+1 A fore = 0,1. 

Note that T X M is a graded vector space with T X M = T®M © T X M. Moreover T X M is a 
left A-module which is called the tangent module at x G KA. 

Definition 3.5. Let Ki andM be supermanifolds and g : KA — > M a class G 1 function we define 
d x g : T X K4 -> T g{x) Kf by, 

d x g{X x ){f) =X x {fog) (10) 

for atlf€G% x) andX x £T x M. 

Proposition 3.6. Let KA and Af be supermanifolds and g : AA — > Af then d x g : T X AA — ► T g ^Af 
is a parity preserving (even) right linear transformation, that is d x g G L~(T x AA,T g r x \Af). 

This follows from the fact that the parity of a composite function is determined as follows, 

fog G e G°°{U) / G e G°°. (11) 
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Thus, the parity of g does not determine the parity of / o g : M. — > A. This means that d x g is 
always parity preserving; for y = g(x) 

d x g(T x M) C T y W. (12) 

If (U, ip) is a chart at x of .4_m with ip = (x 1 , . . . , x p , 9 1 , . . . , 6 q ) and U C g" 1 ^) for some chart 
(V, 4>) ^ An with (f) = (y 1 , . . . , y r , (3 1 , . . . , /3 s ) then the matrix of d x g is, 



[d x g] 



(d x ^og)(^) { dx {^og){^\ 



where we note that the local coordinate representative of the Frechet derivative is a Grassmann 
valued matrix. Also notice that the matrix has the usual block decomposition 

A B 
C D 

where A, D have entries from °A and B, C have entries from 1 K. 

Remark 3.7. If M. is a supermanifold and g : hA —> A is a class G 1 mapping the T g ^A is 
identified with A for each x G M. and d x g is regarded as the mapping from T X M to A defined by 

(d x g)(X x ) = X x {g). 

Notice that in this case d x g is not always even, e(g) = e(d x g) for all x £ M. 

Obviously our definition of a tangent vector v G T X M depends on the vector field X used in the 
definition. We examine this dependence in more detail. Assume that U, V are open in M, that 
x G U (~l V, that X is a vector field on U, that Y is a vector field on V, and that 

v{f)=X(f)(x), v{g)=Y(g){x) 

for all / eG°°(U),ge G°°(V). Then 

X(f)(x)=Y(f)(x) 

for all / <G G°°(U PI V). Moreover if (O, Y>) is a chart of M at x then, on O n U n V, 

p+q n p+q a 



X -E X ^7)^4' y ~E y ^ 



^9^' Z^i 1 * Q Z A 

A=l A=l 



where ip = (z 1 , z 2 , . . . , z p+q ) and where X^, Y^ 1 are G°° maps from Oflf/nV into A. Moreover 

P+q r, f P+<1 Bf 



L 1p ' l/j 

'(x)=X(f)(x) = Y(f)(x) = J2^ " J 
for all / G n [/ n V). If we choose / = z B , 1 < 5 < p + q, we see that 



X*(x)=Y*{x) 
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for all B. 



Notice that if Ai is a super manifold then TAi = U p ^mT p A4 may be given a supermanifold 
structure just as in the case for ordinary manifolds. This follows using the G°° transformation 
laws relating two sets of components of tangent vectors to Ai. 

Observe that there exists a well-defined mapping (3 X : T x Ai — > T X B Ai defined by 



for v G T x Ai and ip a chart of BAi. Notice that we have defined (3 x {v) only on charts of BAi 
at x but if we show that the appropriate transformation law holds then (3 x {v) has a unique 
extension to all charts of BAi at x ( see Remark I3.3JI and thus uniquely defines an element of 
T X B Ai. With this in mind let (U,vfj), (V,4>) be charts of BAi at x, and observe that 



Proposition 3.8. If Ai is a supermanifold and x G Ai then (3 X is a K-linear vector space 
isomorphism from T x Ai onto T X B Ai. 

Proof. It is clear that X is a °A-linear vector space homomorphism. We show that (3 X is in- 
jective. Assume that v G T x Ai such that (3 x {v) = 0. Then there is an open set U C Ai and 
a vector field X on U such that x G U, v(f) = X(f)(x) for / G G°°(U) and = x {v){ij)) = 
(X^(x),X^{x),--- ,X^ +q (x)) for all charts V of Ai at x. Thus X = and u(/) = for all 
/ G G°°(U). It follows that v is zero on the germ G°°(x) and (3 X is injective. 

We now show that (3 X is surjective. Let X x G T^Al and recall that X x is a mapping from 
the set of all charts of BAi into B = W\ q . We want to find v G T x Ai such that (3 x {v) = X x . 
First we need to find a vector field defined on an open subset of Ai about x which agrees with 
X x on charts of Ai. Choose any chart (U,tp) of Ai at x. Then X x (ip) G B = ~K p \ q and we can 
define a constant vector field Y on U by 



where ip = (z 1 , z 2 , . . . , z p+q ). Thus the functions Y£ : U — > A are the constant functions 
Y£(u) = X£(i/)) for all u G U. Notice that K G D 1 ^)^. Define u : G°°(x) -» A by 



=^ (a) (0o^- i )(^ i (v),^w,--- ,xt q m 

= d^ x) {<j>o^)(X x {^)) 
= X x (cf>). 



(3 x (vM) = (xUx),Xl(x),--- ,X p +\x)) 



= d Hx o 4>-i)(Xl(x),Xj(x), Xj+*(s)) 





Then for any chart (V, <j>) of .M at x 
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Thus (3 x (v){4>) = X x (4>) for all charts of M, but since the charts of M form a subatlas of the 
manifold structure of BM, (3 x (v) can be uniquely extended to agree with X x at every chart of 
BM. Thus [3 X is surjective. The proposition follows. □ 

The mapping (3 X induces a mapping of vector fields as follows. Recall that a vector field on 
a Banach manifold M is uniquely determined by defining a function Y from charts (U, ip) of M 
into C°°-maps from U into the Banach space B on which M is modeled. Of course if (U, tp) and 
(V, 4>) are charts of M such that £/ fl V 7^ the usual transformation holds, 

Ymx) = d (f){x) ^o<f ) - 1 )(Y( ( f>)(x)) 

for allxeUnV. 

Note that if C M is open and X G -D 1 (C), then for each x G we may define G T^AI 

by 

X x (f) = X(f)(x) 

for all / G where W is open and x G W C C Thus if (£/, -0) is a chart of M at x, 

= • • • ,x; +9 (x)) 

and the mapping f3(X)(tp) given by x 1— > f3 x {X x )(^) is a G°° function from y into S = K p ' 9 . 
Since G°° maps are necessarily C°° maps we see that (3(X) is a vector field on BM. since as a 
maps of charts of M. it transforms correctly and thus can be extended to all charts of BM. . 

Thus we can write v = Y]A=i X ^{x)d/dz A where (X^(x), X%(x), . . . , Xl +q (x)) G W>\i. If 
(f> is another chart G°° related to ip and = (w 1 , w 2 , . . . , w p+q ) then we can also write v = 
YTb=\X^ {x)d / dw A . Moreover as in the classical case, 

(Xl(x),X$(x), . . . , X^(x)) = d m {^ o ^(Xlix^xKx), Xf \x)). 

Because the Banach space B = W\i is a A module, vector fields on BM have a °A-module 
structure. 

Corollary 3.9. If O C M is an open subset of a supermanifold M then (5 is a °A-linear vector 
space injection of the °A-module of all vector fields D l {0) on O into the °A-module of C°° -vector 
fields of the Banach manifold O C BM . 

The mapping (5 is not surjective since for X G Z? 1 (C) and for each chart (U,ip) of M, 
is a G°°-mapping and not every C°°-vector field on O C BM has this 

property. 

Recall that if U C KP^ = B is open and / : U — > A is a class C fc mapping, then its p-fold 
Frechet derivative is a mapping from U into symmetric multilinear maps from B k = BxBx - ■ ■ xB 
into A. Thus for x EU 

dlf : B x B x ■ ■ ■ x B -» A 
is symmetric. It is obtained by iterating the Frechet derivatives, for example, 

d 2 J(v,w) = d x (y -» (dyjOHXv). 
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Definition 3.10. Let Ai and Af be supermanifolds and f : Ai — > Af a class C p -mapping from 
BAA into BAf . Define a mapping d x f by 

a?J : T X BM x T X BM x • • • x T X BM -» T f{x) Af 

where 

d^f(vi,v 2 , ...,v p ) = (^(/ (a; ))0~ 1 )(^ (p) ((/) o / o d x il)(vx), d x 4>(v p ))) 

and where (U,ip) is any chart At and (V,cp) is any chart of Af such that f~ l {V) C U. Since 
T X A4 C T x BAi for each x, notice that there is an induced mapping 

d p x f : T X M x T%M x • • • x T X M -» T /0r) A/\ 

Theorem 3.11. Let AA and Af be supermanifolds of dimension (p\q) and (r\s) respectively and 
let f : BAA — ► /37V be a C°° function. The function f : Ai — > Af is a class G l function iff for 
every chart (U,ip) of Ai and (V,(j)) of Af such that / _1 (V) C U there exist functions bj^ A 
with 1 < A\ . . . Ak < p + q, 1 < J < r + s and 1 < k < I, such that 

(1) each function tf^ A is in G° (U) , and 

(2) forxeU and x\,X 2 , ...,X k £ T®AA, 

dUd> J of)( Xl ,..., x k) = Y?Z q =i ■ ■ ■ Z%U x? 1 ■ ■ ■ xMl.A k W- 

Proof. If / is of class G k for k < I then for charts tp, <ft of Ai,Af respectively (p ° f ° V* -1 is °f 
class G fe . By Proposition 2.8 of JZj, where the partials are of class G°, 

< w (^o/o^)(„ 1 ,...,„,)= g ^■■■^ a Il°. / L^' ) ^» 

Ai..A fc =l 

for 1 < J < r + s and Vi, «2> ■•• t v k £ We identify Vi with d x i/j(Xf) for arbitrary given 

Xl, X 2 , . . . , X k G T°X so that 

Ai..A k =l 

where z" 4 = P" 4 o if (recall that P A is the projection of W p \ q onto its A-tYi factor). Thus we note 
that, 

^...A,^) = ft^...^ (*) fOT X 

and (1) and (2) hold. 

Conversely, assume the existence of the functions 6^ A : U —>■ A with < I that satisfy 
conditions (1) and (2) above. We show / is of class G k for all k < I. 
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Begin with the case k = 1. Let ip,4> of Ai,Af respectively and choose U open in Ai small 
enough so that 0o/o-0 _1 is defined on the open set ip(U). By hypothesis we have for X G T®M. 
and x G U, 

p+q 

d x (4 J of){X) = Y,X A b^{x) (13) 
A=l 

where (x) & G°(U). Thus there are supernumbers b^ 1 (x) that encode the Prechet derivative 
of (4> J o /) at x. Moreover, if we identify H with d x ip{X) we find from ea, ()13|) . 

^(^o/of 1 )^) = E H A bf{i>{x)). (14) 

A=l 

This identity implies that 4> J o / o ip~ l is of class G 1 on ^(f/) for each J and that b^ ' (x) = 
GAi^ ° f ° 1 )(V ; ( a; )) m the notation of ^7j. Hence <j) o / o is of class G 1 on VK^O an d 
therefore, / is of class G 1 on U . The case k = 1 is proved. 

Next we prove the case k = 2. Consider the mapping i* 1 from VK^O to A defined by F : 
y i— > d y ((j) J o / o ^ _1 )(V2) where V2 € K^' 9 is given by V2 = d x ip(X2) for an arbitrary, but fixed, 
X2 G T®M. Then by construction, V2 is an arbitrary element of the Banach space 
which does not change as y changes. Consider the Frechet derivative of F at u = ip{x). We 
Have for X x G T®M and V\ = d x il){X x ) and, 



duFiVx) =d u {d{<f) J ofoi)- l ){V 2 ))(y l ) 
= d 2 u {cj> J ofa^){V 1 ,V 2 ) 
= d %{ x )^ J f ^" 1 )(^(Xi),^(X 2 )) 
= d 2 x ( ( p J of)(X 1 ,X 2 ) 

= Y?A%Y? A %xtx^b% M {x) 
= T,tUTrZUv l M v 2 M bX M (x). 



(15) 



Since we have already shown that / is of class G l on U we have that d y ((j) J o f o tp 1 )(\ / 2) 
Ej=i V 2 2 ( ^/aT^ ) (y)- From the definition of F we note 



A 2 =l 

Thus for fixed V2, we have 

p+q 



^>=eV(^^V tie) 



ww) = £ (-ir^J *;^"' 1 )^). (in 

A 2 =l \ u / 



A 2 ~- 

And so, comparing eq. (|15j) and eq. (|17j) we find, 

p+q / 0/ ,j j. ,-iw P+<? p+<? 



E (-ir^v/^ r^ = e E ^ 2 C 2 (*)- (is) 

4 1 \ / A - — 1 A~ — 1 



A 2 =l v ' A 1 =1A 2 =1 
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Thus, 



^{-ly^v^dj 8 ^ ) \v l )= £ vf y: (-ir^v^ b f iA2 ( X ). (19) 

4„-i \ OU J 



A 2 =l v ' A 2 =l Ai=l 

This holds for all V2 so, 

rf JfW) V i) = g (-1)^^^^)^^^). (20) 
^ ' Ai=l 

It follows that is of class G 1 on ^>(C7) C K p \ q , and for u e ^(17). Since ^^ff 1 ^ 

is of class G 1 for each A, (f) J o / o is of class G 2 on ^(£7) for each J. Thus / is of class G 2 
on U. An inductive argument using similar computations will show that / is of class G k for all 
k < I □ 



Remark 3.12. Given a C 00 -mapping f : M. — > M as in the theorem above we have conditions 
under which f is of class G°° . One begins with maps 

d k J : T X BM x • • • x T X BM - T f{x) N. (21) 

Then since T®A4 x • • • x T°A4 C T X BM x • • • x T X BM one has a mapping on even vectors 
Xi, X2, ■ ■ ■ Xk € T X A4. Moreover, one obtains the formula for even vectors 

d*f(X lt X 2 ,...,X k ) = £ ( X ^---X^{ dzAk _l A2dzAi y X ). (22) 

Ai..A^ — 1 

It now follows that this mapping can be extended to a mapping from T X M. x T X M. x • • • x T x M. 
to Tji x \M where the components of pure tangent vectors X±, X2, ■ ■ ■ , X k may be in ~K p \ q or 
possibly in ( 1 A) P x (°A) q . If the vectors X\, X 2 , ■ ■ ■ , X k are not of definite parity then the 
components (X^ 1 , X^ 2 , • • • , X^ k ) will reside in A k in general. As an example, consider the 
case k=l. Observe that 

P+q 8 , 

d x f(X) = X x (f) = X A f^{x) (23) 
A=l 2 

makes sense for even and odd vectors X x £ T X A4. It is interesting that the operation of d x f on 
T x Ai defines its operation on the other half ofT x M. namely T X M.. 

In other words, a supermanifold M is modeled on K p \ q but the G°° -tangent module "doubles 
the dimension". Even vectors are summed over ALL of the even and odd coordinate vector fields 
(expanded against even and odd components in order that the vector field be even); so to have 
the derivative of some map defined for even vector fields actually means the map is defined on 
the coordinate vector field basis of the tangent module. This is why we can extend the derivative 
to act on both even and odd vector fields. Even vector fields have the (p\q) data hidden in them, 
the tangent module at a point is the direct sum of the Banach space W^ q on which M. is modeled 
and the Banach space ( 1 A) P x (°A) q . 
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Definition 3.13. Let M. be a supermanifold and a Banach supervector space. Provide 0° with 
the supermanifold structure obtained by defining the obvious single global chart obtained from a 
basis o/t). Let f denote a smooth function from A4 into t>° and let {f B } denote its components 
relative to a pure basis of 0. We define the higher derivatives of f B at w G Ai inductively 
as follows. Define d w f B : T W M -» A by d w f B (X) = X{f B ) for X G T W M. Define d k ^ l f B : 
T W M x T W M x • • • T W M - A by d k w + 1 f B (X 1 ,X 2 , ■■■ , X k+1 ) = d w [d k f B (X 2 , X 3 , • • • , X fc+1 )](Xi) 
for X\,X 2 , • • • , X k+ \ G T W A4. Here d k f B (X 2 , X 3 , • • • , X k+ i) denotes the function from A4 into 
A defined by x -> d k f B (X 2 ,X 3 , ■■■ , X k+l ). 

We now consider an important special case of these ideas which we find useful in the last 
section of the paper. Let and denote Banach super vector spaces. Consider g° as a 
supermanifold with a single global chart ip : g° — > W^ q whose components are defined by 
ip(x) = (u 1 (x),u 2 (x), ■ ■ ■ ,u p+q (x)), x G For each x G g°,T x g° may be identified with g by 
identifying the basis {u B } of T x q° with a given fixed basis {e#} of g. Similarly, choose a single 
coordinate chart on 0°. Moreover if / is a function from g° to d°, then denote its components 
relative to the chart on 0° by the functions f B : g° — > A. Recall that if / is of class C°°, then it 
is also of class G°° iff each component function f B is of class G°°. Notice that the components 
/\ / 2 ) ' " " P are an even while f p+1 , f p+2 , ■ ■ ■ , f p+q are all odd. Also notice that the derivatives 
d^f B of each component function are maps from g k = g x • • • x g to A at each w G g° due to 
the identification of g with T w g°. 

Definition 3.14. Let g be a supervector space with basis {eg} and let (3 : g k — > A. We say that 
(5 is multi-linear over g° iff for some, pure basis {eg} of g, 

P(vi,v 2 ,--- ,v k ) = v^v 2 M ■ ■ - v^ k (3(e Ak , - ■ ■ ,e A2 ,e Al ) 
forv!,v 2 ,--- ,v k G 0°. 

Notice that one must require that j3 be defined on all of g k rather than (g°) k , since it must 
be possible to evaluate at arbitrary elements of a basis of g. This is also the case for higher 
derivatives such as d k f B as defined above. This shows up explicitly in the proof of the following 
proposition. 

Proposition 3.15. Let g and denote Banach super vector spaces and f : g° — > tt° a C°° 
function. Then f is of class G°° iff for each x G 0° and each positive integer k, d k f B : g k — > A 
is multi-linear over g° for each component f B of f. 

Proof. Assume first that / : 0° — > tt° is of class G°° and that f B is a component of /. Choose a 
pure basis {e#} of and define u B on 0° by u B (Y^ a K £k) = a B ■ Regard the (u B ) as coordinates 
on 0°. We first show for x G 0° and v\,v 2 , ■ ■ ■ v k G 0°, that 

4f B <v,v, ..-,«) = v?-4* ■ ■ ■ ^ a^-^a^ M- 

The proof proceeds by induction. First observe that d x f B {v) = v(f B ) = v A ^x so the result is 
true for k = 1 Now assume the result for arbitrary k and we show that 

d k ^f B ( Vl ,v 2 , • • • ,v k+1 ) = • 
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By definition 

d k+1 f B ( Vl ,v 2 ,--- ,v k+1 ) =d x [d k f B (v 2 ,v 3 ,--- ,Ufc+l)](«l) = 
d \ V M V A Z A k+1 d k f Al d ,a 2 A 3 A k+1 d k f 

Now the partial derivative can be pushed through the term v 2 2 v 3 3 • • • v k ^[ l but in doing so 
it produces a sign change e = (-l) £ ( A i) e (4j)(-l) £ ( A i) e (^3) . . . (_ 1 )e(Ai) e (A fc+1 )_ Thug one obtains 

„. ■ ■ ■ . = «[v*^ ■ ■ ■ 4ir 9u , l9u ,S. f . gu M du J - 

Now one must permute the order of the partials but one finds that 

d k f r d k f . 



<9w j4l <9u" 4fc + 1 • • • du Ai du A2 du Ak + 1 • • • du A ' A du A2 du Al 
The two signs cancel to give the desired result 

d a / [v lt V2,--- ,v k +i)-v 1 v 2 ■••t; fc+1 — ^-^-^ (xj. 

This finishes the first part of the proof. 

To complete the proof we must show that for each positive integer k, 

d * f B { J_ _1 !L) = d -Hi ( x) 

xJ y du A ^du A2 ' du A * J du A ^du A2 ■■■du A * K >' 

This proof also proceeds by induction. The result is obvious when k = 1, since d x f B (-r^ x ) = j^pc- 
Assume, inductively, that for some positive k, 

d k fB(J- -1 d —) = ¥l ( X ) 

xJ y du A2 'du A ^ du A ^> du A2 du AA ■■■du A ^ y '' 
By the definition of d k+1 f B we have 

- d —)-d\d k f B (— - 9 ))( 9 1 

_ d k f d _ d k+1 f 

x y du A2 du A * ■ ■ ■ du A ^ ' y du A ^ ' ~ du A ^ du A * ■ ■ ■ du A ^ yX ' 
and the result follows. From these two results, we have that for for all k and for v±, v 2 , ■ ■ ■ v k € g° 

d k f B ( Vl ,v 2 , ...,v k ) = ■ ■ ■ {x) 



(v^-vi^)4f% ° 9 9 



k du Ak ' ' du A ' 2 ' du Al 

Thus d k f B is fc-multi-linear and consequently if / is of class G°°, then all the derivatives of the 
components of / are multi- linear over g°. 
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Conversely, assume that all the derivatives of the components of / are multi- linear over 5 . 
We show that / is of class G°° . In fact the result is an immediate consequence of Theorem 13.111 
since we have that 

4f B ( Vl , -,«*) = KV 2 • • • 4 k )4f B (^ ■ ■ • , ^ g^) 

_ A\ A 2 A k d k f / \ 

~ V 1 V 2 ■■■V k du A k ... du A 2 Q u AA X > 

and the hypothesis of Theorem 13.111 holds with b J AiA2 ... Ak = g M -4 fc f^ig^Ai • The proposition 
follows. □ 



4 Submanifolds of Supermanifolds 

Definition 4.1. Let Ai be a (p\q) supermanifold and S C Ai. A chart of (U,tp) of Ai is called 
an (r\s) -submanifold chart of Ai relative to S iff 

ip{u n S) = ^{U) n (K r i s x {(0, o)}) 

where (0,0) € ^(p~ r \i- s ) , W e sa y that S is a (r\s) submanifold of Ai iff for each x € S 

there exists a (r|s) -submanifold chart (U,ifi) of Ai relative to S such that x € U. There is 

a subtle point to be made here and that is that the definition depends on a specific splitting 
K p\q = K r\s x K (p- r \ q - s )_ j n genem i 

many such splittings are possible. In our definition we 
choose one specific splitting and all submanifold charts are required to respect this particular 
splitting. 



Remark 4.2. If S is a (r\s) -submanifold of Ai let As denote the set of all pairs (UPiS, ips) 
such that there exists an (r\s) -submanifold chart (ip, U) of Ai relative to S such that S n U 7^ 
and ips '■ U Pi S — » ~K r \ s is defined in terms of ip by requiring that ips be the restriction of 
ip to U fl S composed with the obvious projection ofW^ s x {(0,0)} to W^ s which discards the 
{(0,0)} 6 M.(P^ r \i^ s \ It is obvious and well-known that if(U,tfj) and (V, </>) are such charts with 
U n V n S / then 

(j) S o ^p- 1 : Tp s (u nvnS)^ ip s {U n v n S) 

is a C°° mapping. Thus S inherits a C°° -manifold structure from BAi which we denote BS 
when we wish to emphasize that it is a Banach manifold. Moreover ipg is essentially the 
restriction of (poi/j^ 1 ; if>(U C\V) -> <j>(U C\V) to ip{U (IV) D (K r \ s x {(0,0)}) which maps this set 
to (f){U nF)(1 (lC r l s x {(0, 0)}) and consequently it is easy to see that feo^ 1 is a G°°- mapping. 
Indeed the inclusion mapping 

i . K r 1 s -+ K r ^ s x {(0, 0)} ^ K p \ g 

is a G°° -mapping as is also its restriction iq to the open set Q = tps(U D V D S) C K r K For 
1 < i < r and 1 < a < s 

4>s % V^? 1 = 4> l V'" 1 an d 4>s r+a V^ 1 = 4> r+a V ;_1 i-Q- 

Consequently the components of <fis o ip~ l are G°° maps and thus so is <fts ■ This proves 
the next proposition. 
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Proposition 4.3. If S is a (r\s) -submanifold of a (p\q)- supermanifold Ai then S is a (r\s)- 
supermanifold. 

Corollary 4.4. If S is a (r\s) -submanifold of a (p\q)-supermanifold Ai then the inclusion i : 
S Ai is a G°° -mapping. 

Proof. Let (U, ip) be a (r\s) submanifold chart of Ai relative to S. We must show that ipoiotp^ 1 
is a G°°-mapping. But ifi^ 1 = o %q where Q = ips(U n S) C IK r l s and i<g is the inclusion 
Q ^ Q x {(0, 0)} <-> K^ 9 . Thus ip o i o ip' 1 = if; o oig = ig which is a G°°-mapping. □ 

Definition 4.5. Let .M 6e a supermanifold of dimension (p\q) with S Q M. A chart (U,ip) 6 
^4.^1 is called an initial submanifold chart relative to S centered at x £ U iff 

^(C X (U n S)) = x(>(U) n (K r ^ s x {(0, 0)}) (24) 

relative to a specific splitting 

K p\q = K r\s x K (p-r\ q -s) ^ 

and C X (U PI 5) denotes the set of all y G U n 5 suc/j i/toi £/iere is a smooth curve in Ad from 
x to y lying in U f)S. We say S is an initial super submanifold of A4 of dimension (r\s) iff 
for each x G S there exists an initial submanifold chart relative to S centered at x whose image 
is contained in W^ s C W^ q . See ^3] for details regarding initial submanifolds of an ordinary 
manifold. 

The authors are grateful to Ratiu for the last reference and for clarifying the status of these 
concepts for Banach Lie groups. He is, of course, not responsible for any misunderstanding of 
these ideas by the authors. 

Theorem 4.6. Let Ai be a supermanifold and S C Ai an initial super submanifold of Ai of 
dimension (r\s). Then there exists a unique C°° -manifold structure on S such that the injection 
i : BS BAi is an injective immersion. Moreover, S is in fact a supermanifold and i is a 
G°° -mapping. 

Proof. Given that S is an initial super submanifold of Ai it is clear that as a subset of BAi , BS 
is an initial submanifold of BAi. 

It is known that an initial submanifold of a Banach manifold, such as BAi, possesses a unique 

C°°-structure relative to which i : BS BAi is smooth. 

Thus given an atlas Am of Ai and Asm = Am we have that the set of pairs 

(c x (uns),i;\c x (uns)) 

such that x G U, (U, ip) G Ami an d U D <S is nonempty is an atlas of S. Moreover S is a Banach 
manifold relative to this atlas and i : S BAi is smooth. To see that it is a supermanifold we 
must show that for two overlapping charts (U,ip), (V,4>) in Am which are used to define charts 
on S we have that 

4> o ip' 1 ■. ip(u x n v x ) -> 4>(u x n v x ) (26) 
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is of class G°° where U x = C x (Ur\S), V x = C X (V n S) and ip = tp\U x , (ft = <j>\V x . Let (p 3 denote 
the J-th component of (ft and observe that for u 6 ip(U fl V) 

«W of'lftv, vy = Jr^ ^y* ■ • • vf> ( gX^.gXe^ ) W ' (27> 

for Vi, V2, . . . , Vk E ~K p \ q . Ea.(J27[) holds by the definition of supermanifold which implies that 
the transition maps (ft J o ip -1 are If we restrict to u G fl V^) an d ■ ■ ■ ,Vk G IK r ' s 

where we identify K r l s with K r l s x {(0,0)} C Kp\i, then 

^(0 J ^2, Vfc) = <(0 J o l/ 2 , . . . ,V k ) (28) 

Thus, 

^ o w , w 14) = Jr^ ^ ■ ■ ■ if (u) - (29> 

Therefore, 0^ o Pp~ l is G°° on ^(C/a fl V x ) by Theorem 13.111 We simply take / = Pp -1 and 
Af = which is of course a trivial supermanifold. 

To see that i : S is G°° note that, using the same notation as above, ip oio Pft -1 is the 

inclusion of ip(U x ) into ip(U). To be more explicit, it is the inclusion 

ift(U) n (K r l s x {(0,0)}) ^(£7) C 

which is clearly class G°° because the inclusion 

is G°° since its components h are. □ 

Corollary 4.7. Assume A4 is a supermanifold of dimension (p\q) and that S is a leaf of a folia- 
tion of the Banach manifold BA4 such that, for each x 6 T X S is a subspace ofT x A4 of dimension 
(r, s). Then S is an initial super submanifold of Ai of dimension (r|s) and consequently S is a 
supermanifold whose inclusion of S into A4 is a G°° mapping. 



Proof. It is known that each leaf of a foliation of a Banach manifold BAA is an initial submanifold 
of BAA and consequently if S is such a leaf then it follows from the theorem that S is an initial 
super submanifold of AA. The corollary follows. □ 

Proposition 4.8. Assume that AA,Af are supermanifolds, thatV is a supermanifold of dim(r\s) , 
that ip : AA — > Af is a G°° mapping, and that i : V — > Af is a class G°° injective immersion onto 
an initial submanifold i(V) of Af of dimension (r\s). If ift Xo : AA — > V is the unique mapping 
such that i o ip Xo = ip, then it is of class G°° . 
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Proof. First assume that i(V) is an initial submanifold of M of dimension (r\s) and that the 
inclusion i : V — > J\f is a class G°° injective immersion. Notice that BV is an initial submanifold 
of the Banach manifold BJ\f and that tfj : BA4 — > BN is a C°° mapping. It is known |13| that 
for Banach manifolds the unique mapping tjj : BM — > such that i o ?/> = tfj is necessarily 
continuous and is in fact of class C°°. 

To finish the proof, it suffices to show that each point p E T 7 is in the domain [7 of a chart 
([/, y) of V such that y o V'ol^-Vm ^ s °^ class G°° (observe that ^^{U) is open in M). Let 
p £ V and let be a chart of J\f at i(y). There exists j\ < 32 < ■■• < jt such that 

x^ 1 o i ) x^ 2 oi,...,^' o i are components of a chart on a neighborhood U p of £7 = C "P. 

If y = (a;- 71 o x 32 o i, . . . , x^ o z) then for g € ^^-(Up), 1 < k <t, 

(y k V'o)(g) = (x jk o i o Vo)(<?) = o 

and y k oipo = x^ k o t/j which is a class G°° mapping. Since y o if; is of class it follows that 
V> is a class G°° mapping. □ 



5 Bundles and Supergroups 

Definition 5.1. A supermanifold Q which is also an abstract group is called a super Lie group 
if the group operations are G°° with respect to the supermanifold structure on Q. 

When Q is given the Banach manifold structure implicit in its definition the resulting Banach 
manifold is denoted by BQ. 

Definition 5.2. A Banach manifold B which is also an abstract group is called a Banach Lie 
group if the group operations are C°° with respect to the manifold structure on B. 

Remark 5.3. Since G°° functions are always class C°° functions, it follows that the Banach 
manifold BQ corresponding to a super Lie group Q is necessarily a Banach Lie group. 

Left invariant vector fields are defined just as in the classical case, 

Definition 5.4. Let Q be a super Lie group with left translation map l x (g) = xg. Then a vector 
field X on Q is said to be left invariant if for g,x 6 Q 

X(gx) = d x l g (X(x)). 

For each v G T e Q the vector field X v defined by 

X(x) = d e l x (v) 

for all x £ Q is left invariant and for every left invariant vector field X there exists a v G T e Q 
such that X = X v . We denote the set of all left invariant vector fields on Q by C{Q). Moreover 
denotes the set of even left invariant vector fields while C(G) 1 denotes those which are 

odd. 

The first assertion of the following Theorem is Theorem 3.4 in |19j . 
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Theorem 5.5. Let Q be an (p\q)- dimensional super Lie group, then C(G) is an (p\q)- dimensional 
graded Lie left A module subject to the bracket operation [ , ] : C{Q) x C{Q) — ► C{Q) defined by 

[X, Y] = XY — {-1)< X ^YX 

for all X, Y G £(G)- Moreover, there is a norm || • || on C(G) such that it is a Banach space and 

(1) C(G)° and C{QY are closed subspaces of C{Q), 

(2) C(G) is a Banach super Lie algebra in the sense that there exists M > such that 
\\[X,Y]\\ < M\\X\\ \\Y\\ for all X,Y G C(Q), 

(3) the Banach Lie algebra of the Banach Lie group BQ is C(G)°- 

Proof. The first assertion is proved in [19] . To obtain a norm on C(G) we first define a norm on 
g = T e Q. Choose a chart ifi = (u 1 , u 2 , • ■ ■ , u p+q ) at the identity e of Q. For X G T e Q, let 

x i> = (x 1 i> ,x 2 ,...,x^)eA^ 

where X = Y^A X ^ e A and the basis {e^} of q = T e Q is that defined by = -^k- Now define 

\\X\\ = \\(X^,X 2 ,-.. ,^)|| = Ea[I^II whichis the ™ of ( X ^ X ^--- ,X P / q ) m A p+g . 
Clearly, q is a Banach space with respect to this norm. It is equally clear that g° = £(G)° and 
g 1 = C{QY are closed subspaces of g. 

We show that the norm satisfies condition (2) of the Theorem. In this part of the proof we 
abandon the notation used in the first paragraph choosing to represent elements of g as the value 
X e of some left invariant vector field X G C{Q). Using this notation we define a norm on C{Q) 
by ||A"|| = ||Ae|| where \\X e \ \ is the norm of X e as defined in the first paragraph. Let (ca)x = 
d e lx(sA), x £ denote the left invariant vector field defined by an element of the basis of 
g. For Z G C{Q) note that, because d e l x is even for x G G, Z x = d e l x (Z e ) = ^ A d e l x {Z A eA) = 
Yj A Za{ca)x-, for Za G A. Define structure constants f AB G A by [eU,eB] = Ec Iab^C and let 
M > be a number such that | |/?g|| < M for all A, B, C. We have for appropriate e(A, B) G Z2, 

ll^niHIlEE^ 1 )^^ 5 ^^]!!^ E ll^llll^llll/^cll 

A B A,B,C 

<M(p + q )Y,\\X A \\Y,\\ YB W= M (P + Q)\\ x \\\\Y\\ 

A B 

and (2) follows. Part (3) follows from the fact that as Banach spaces £(G)° is isometric and 
isomorphic to g° = T®Q. □ 

Remark 5.6. Notice that the norm defined on C{G) above depends on the chart chosen at the 
identity e and that, relative to this norm, C{G) is isometric to the Banach space KP\i © [( 1 A)p x 
(°A)' 3 ]. Another chart produces a different norm on C(G) but also provides an isometry from 
C(G) onto ~K p \ q © [( 1 A) P x (°A) 9 ]. It follows that £(G) relative to the first norm is isometric to 
C{G) with the second norm, but the two spaces are not identical. Thus the topology on C{G) is 
chart independent and so a subspace of £(G) is closed relative to one norm iff it is relative to 
the other. This becomes important in our next theorem. We refer to a norm which is defined by 
some chart at the identity as an admissible norm. 
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Definition 5.7. Assume that g is a super Lie algebra. We say that it is a Banach super Lie 
algebra if there is a norm on g such that 

(1) g is a Banach space relative to the norm such that both g° and g 1 are closed subspaces 
of g, and 

(2) there exists a number M > such that ||[X,Y]|| < M||X||||F|| for all X, Y G g. 

We prepare to determine when a sub-super Lie algebra of C(Q) is C(TL) for some super Lie 
group TL. If f) is a sub-super Lie algebra of C(Q), then we say that it is closed and split in C{Q) iff 
it is closed with respect to some admissible norm on C(Q) and there is a closed complementary 
subspace m of f) in C{Q). More precisely, we require that C(Q) = f) ©m as graded normed linear 
spaces so that in particular f)° is closed and split in C(Q)°. 

Remark 5.8. Suppose Ai,Af are supermanifolds and that <j) is a G°° mapping from Ai into J\f. 
If X is a vector field on Ai and Y is a vector field on Af, then we say X is (^-related to Y if 
and only if d x cj){X x ) = Ym x \ for each x 6 Ai. For ordinary manifolds, M,N it is well-known 
that if X\,X2 are vector fields on M and Yi,Y% are vector fields on N such that Xi is ^-related 
to Yi for i = 1,2, then \X\,X-2\ is ^-related to [Yi, Y2]. This also holds in the present case for 
supermanifolds Ai , TV when <f> is a G°° mapping. The proof is identical to the classical proof and 
is left to the reader. This fact is needed in the proof of the next theorem. 

Theorem 5.9. Let Q denote a type (p\q) dimensional super Lie group and g = C(Q) its super 
Lie algebra of left invariant vector fields. Let fj C g be a (r, s) dimensional sub-super Lie algebra 
of g which is closed and split in C(Q). Then there is a type (r\s) super Lie group TL which is a 
subgroup of Q such that C(TL) = f) and the inclusion i : TL — > Q is a G°° injective immersion. 

Proof. Let Q be a super Lie group of type (p\q) and q its Banach super Lie algebra of left invari- 
ant vector fields. Let f) C g be a sub-super Lie algebra of type (r, s) which is closed and split. 
Then f)° C g° is a closed and split sub-Lie algebra of the Banach Lie algebra g°. Moreover g° is 
the Lie algebra of the Banach Lie group BQ. Since f)° is closed and split in g° it is known (see 
|15| ) that there is a Banach Lie subgroup H of BQ with Lie algebra f)°. 

Moreover H can be obtained as the maximal integral submanifold through the identity of 
BQ of the subbundle E -» BQ of the tangent bundle TBQ -» BQ defined by E x = d e l x (t)° e ) for 
each x € BQ where t) e = {X e \X € f)} and g e = {X e |X G g}. Here f)g is identified as a closed split 
subspace of gg which is identified with T e BQ. It is known that a leaf of a foliation is an initial 
submanifold (see the book by Kolar, Michor, and Slovak [13]). Moreover it is known that the 
inclusion i : H BQ is a smooth injective immersion. It follows from Corollary 14. 71 that H can 
be given a supermanifold structure and if we call H with this structure TL, then the Corollary 
also assures that the inclusion i : TL > Q is a G°° mapping. Note that E x has dimension (r, s) 
for each x G Q, and E e = f)°. So T e H = fy® and charts take their values in the appropriate 
subspace K r \ s of K^. Since the charts of TL take their values in K 7 *' 5 , TL has dimension (r\s). 

Let \x : Q x Q — > Q denote the group multiplication on Q. It follows that fio(ixi) : TLxTL — ► Q 
is a G°° mapping. Since TL is an initial submanifold of Q and /i(TL x TL) C TL it follows from 
Proposition 14.41 that the mapping : TL x TL — » TL such that i o ^ = fi o (i x i) is a class G°° 
mapping. A similar application of Proposition 14.41 shows that invn(x) = x^ 1 is also a class G°° 
mapping. Thus TL is a super Lie group and i : TL — > Q is a G°°-immersion. 
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Finally, since TL is a super Lie group, l x : TL — ► TL is a G°°-mapping for each x G and d,^ 
maps X^H into T xy TL for all x,y GTL. In particular d y / x . also maps I*W into T° y H so that for 
each x G TL,d e l x {T°TL) = T®TL and fj° = T e £W = T°H. Thus T e °ft may be identified with fj°. It 
is perhaps, not as obvious that T^TL can be identified with fj 1 . 

We show that rj is isomorphic to as super Lie algebras in a succession of steps. To do 

this first observe that C{Q) can be identified with T e Q by identifying v £ T e (/ with € 
where A^(x) = d e l x (v) for all i £ 6. Notice that since fj is a sub-super Lie algebra of C(G), f) 
is identified with f) e = {X e |X G £((/)} ( notice the change in notation, f) e here and below is a 
subset of C(G) not C(TL)). Both Fj e and T e G are given a super Lie algebra structure by defining 
[v, w]g for v, w G T e C/ by 

Thus f) = f) e which is a sub-super Lie algebra of T e G- 

We now show that T e TL can also be identified as a sub-super Lie algebra of T e G to be 
followed later by a proof that rj e = T e 7^. To do this recall that t : TL —* is an immersed 
initial submanifold of and consequently that <i e t : T e 7^ — ► T e £ is a right A-linear injection 
of T e TL into T e £/. For i> £ T e W let denote the left invariant vector field on TL defined by 
X^(y) = d e l y (v),y G T e TL. For v,w G T e W define by 

v[°iHk vwi 

Notice that for every v € T e TL, the vector field A*^ is i-related to Xg et . It follows from Remark 
15.81 that for v,w G T e 7Y, 

j£>,Hw _ j^u>j ^[c( e t(i)),d e t(u>)] 5 _ ^d e t,(v) j^d e L(w)^ 

are i-related. Consequently d e i[v,w]-n = [d e i(v), d e i{w)\g, and (T e TL, [,]h) ma Y De identified as 
a sub-super Lie algebra of (T e G, [,]g)- 

It remains only to show that f) e and T e TL are equal as subsets of T e G- To see this notice that 
a pure basis of Fj e can be extended to a pure basis of T e G- It follows that there exists a pure basis 
< ^4 < p + q} of T e C/ such that {e^l-A £ .A}, .4 = {1, 2, • • • , r,p + l,p + 2, • • • ,p + s} is a 
pure basis of f) e . Choose a chart ^ : f7 — > T e °£/ of £/ at e G J7. Then i[) o l ; l~ 1 (U) — > rjg is a chart 
of W at e G fc -1 (l7). If we define coordinate functions (ir 4 ) of t/> by ^(x) = Xm= 9 i uA ( x ) e A, x £ U, 
then we have coordinate functions defined on TL by (ip o i)(y) = ^^.4 w j4 (i(y))eA, y G t _1 )(?7). 
Thus {t^-I^ G .4} in T e TL is identified with {e^l^ G A} in f) e and 

T e H = {^A A e^ |A A £A} = f) e . 
Consequently, we have that as super Lie algebras 

f) = f) e = T e TL = C(H), 

from which the theorem follows. □ 



Definition 5.10. Let G be a super Lie group and g its tangent module T e G at the identity e of 
G- For each v G g° we define a left invariant vector field X v on BG by 



X v (x) = d e l x {v) G T°S = T X BG 
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for x G BQ. Let <j) v : M x — > denote the flow of the vector field X v on BQ. Thus 

■^(j) v (t,x) = X v ((f) v (t,x)) where (p v (0,x)=x. (30) 

Definition 5.11. exp is the mapping from g° into BQ defined by exp{v) = <p v (l,e). 

Note that exp is C°° mapping which is also a local diffeomorphism. Also, we can regard exp as 
a mapping from g° into Q since as sets BQ = Q. In fact it can be shown that exp : g° — > Q is a 
G°°-mapping. We now establish several lemmas towards that goal. 

We fix the notation from this point up through the proof of Theorem 4.15. Let 
Q denote an arbitrary super Lie group and g its tangent module T e Q at the identity. 
Even vectors are denoted g°. We have a fixed pure basis {e a } of g which can be taken 
to be the partials relative to a chart at e. 

Definition 5.12. The adjoint mapping defined on g is the mapping ad : g — > End(g) where, for 
x,y e 0, 

ad(x)(y) = ad x (y) = [x,y] 

Observe that ad ax = aad x for all a £ A; the adjoint ad on g is right-A-linear, thus ad G 
L~(g, End(g)). However, for a particular x G g, we note that ad x (ya) = ad x (y)a for all a G A, 
thus ad x G End + (g). 

Lemma 5.13. Let (End + g)° denote the linear space of all even left endomorphisms of g. Once 
for all, identity these linear mappings with their matrices relative to our fixed basis of g. For 
each matrix M (representing such a linear mapping), define, 

ii M n = EE H ii- 

i=l j=l 

Assume that {ak}^L are numbers in K such that X^ol a fcl 1 1-^1 1* converges for all M G 
(End + g)° such that \ \M\ \ < R for some R > 0. Let -Br(O) be the open ball at zero in (End + g)°, 
then f : B R (0) -► (End+g)° defined by f(M) = J2T=o a k Mk " °f class G°° . 

Remark 5.14. Having chosen a basis {ei,e a } of g the even endomorphisms of g are identified 
with matrices with a (p,q) block-form, 

M£(End + g)° => M = ^ (31) 

where A mn , D a p G °A and B m p, C a ^ n G X A. Notice that as a vector space over K (End + g)° may 
be identified with ^P 2 +i 2 +2 Pq ) _ 

We now prove the Lemma. 

Proof. Note that for ||M|| < R, 

oo k 

f(M + H) = f{M) + ^ ak Y^{ Mk ~ l ~ lHMi ) + 0(H 2 ). 

k=l i=0 
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Thus, 

oo k 

d M f(H) = e ok E^^ 1 ™" 

k=l i=0 

The components of this matrix are 

oo k 



d M f bc (H) = E E E( Mfe_i_1 )^( i7 )-«( Mi )- = E H mn Kc n (.M) (32) 



k=l i=0 m,n m,n 

where, for some thmn G ^2 

oo k 

AIT(M) =Y j a k Y J {-^) ebmn {M k - i - 1 ) bm {M i ) nc . 

k=l i=0 

Thus exists and is equal to A^; n ; moreover the components /f, c of / are of class G 1 on 

B R (0). Thus / is of class G 1 on B fl (0). Observe that 

dM{§^)(H) = Y, r HrsK7 rs (M) 

where for some e fers , e bmnrs G Z 2 , 

oo fc 



Ar rs (M) = E a *EE-J 1 (-i) ei "- 3 (M fe - i - i -^- i ) 6r (M^) sm (M i ) ? 

fc=l i=0 



+ E a * E^- 1 )^"" (m^-^e^^ - ' -1 w(^) sc . 

fc=l i=0 

Thus is of class G 1 and consequently / is of class G 2 on -Br(O). An inductive argument 
with calculations similar to those above show that all the partials of fb c exist and are power 
series in the components of powers of M which converge on Br(0). Moreover their Frechet 
derivatives are linear in the components of H. Thus / is of class G°°. We leave the details to 
the reader. □ 

Corollary 5.15. Let q be any super Lie algebra such as the one defined above and let g° be its 
even elements. Define a mapping f from q° into (End + Q)° by 



X [ e~ s adx ds. 
J o 



Then f is of class G°° . 



Proof. First note that if X G g° and adx{Y) = [X,Y] then since X is even and 

e([X, Y]) = e(X) + e(Y) = e(Y) we find that adx is an even left endomorphism of q. The 

composite of even endomorphisms is even, thus the series 



oo 



k\ 

k=0 
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is an even left endomorphism of g. This series is absolutely and uniformly convergent on every 
ball about zero relative to the matrix norm defined in the lemma. It follows from the lemma 
that the mapping from (End + of l to itself defined by 

M — > e - s M 

is a G°° mapping. 

To finish the proof we must show that ad : X — > adx is a class G°° mapping. The mapping 
ad : g° — > (£'n(i + g) is linear over K as is clear from adx(Y) = [X, Y] and the definition of the Lie 
bracket. Hence the best linear approximation to the adjoint mapping is itself; dx{ad) = ad. Thus 
the mapping X i— > d x (ad) is constant, its higher derivatives are zero. To see that ad is class G°° 
we have only to show that it is of class G , so we must show that for X G , if £ g°, dx{ad c a )(H) 
is linear in the components of -ff where the ad£ : g° — ► A are the component mappings of ad 
defined by representing adx matrix . 

Since adx is left linear its matrix is defined by adx{e a ) = [X,e a ] = ^ X b [ef,, e a ] = J2X b f£ a e c 
so that ad c a (X) = ^X b f^ a . Now observe that dxad^(H) = ad c a {H) = Y2^ b fba w hich is linear 
in the components of H. It follows from Proposition 13. 15l that ad is a class G°° mapping, hence 
X \— > e~ s adx is the composite of G°° maps and is consequently G°° for each s G R. Finally 
integrate to obtain the desired result. □ 

Notice that the proof that ad : q — > End(g) is a class G°° mapping is completely analogous 
to this proof since it is also linear over K and posseses the required properties with respect to 
the module operations over A. Moreover the mapping ad regarded as a mapping from $j° to 
(End + Q°) is also a class G°° mapping. Its components ad c a are obtained as before even though 
the basis is not a basis of g°. 



Lemma 5.16. exp : g — » Q is a class G mapping. 

Proof. We need to compute the Frechet derivative of exp at X G g°. Since BQ is a Banach Lie 
group we have the following formula for the Frechet derivative (see [S]), 

d x (exp) (H) = d e l exp(x) ( J \~ s adx (H)ds^j . (33) 

Define a function F : g° — > (i?nd + g)° by 

F(X)(H)= f e~ sadx {H)ds. (34) 
J o 

It follows from Corollary 5.15 that F is a class G°° mapping. Notice that dx(exp)(H) = 
d e l exp (x)(F(X)(H)) even though, in this formula, not only is H restricted to g°, but it is also 
the case that F(X)(H) G g°. We have insisted, however, that F(X) be defined on all of g since 
we need the identity F(X)(H) = H i F(X)(e i ) + H & F(X)(ea) which requires that F(X) be 
defined on odd elements of g. On the other hand this very formula shows that the mapping from 
g° to (End + Q°)° defined by X — > F(X)\ s o is also a class G°° mapping. We will occasionally 
abuse notation by failing to distinguish between the two mappings. Let \i : Q x Q — > Q be the 
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class G°° group multiplication of the supergroup Q. We have that, 

d x (exp)(H) = d e l exp{x) {F(X)(H)) 

= d e [fM(exp(X),-)](F(X)(H)) (35) 
= (d 2 ^(exp(X),e)(F(X)(H)). 

Where d 2 p denotes the Frechet derivative with respect to the second slot of p,. If H = 
H l ei + J2a=i H a e a with respect to the pure basis {ej, e a } of q then 

d x (exp)(H) = (d 2 v)(exp(X),e)(F(X)(j: P l=1 H*e t + j: 9 a =iH a e a )) 

= EUH\d 2 p)(exp(X),e)(F(X)( ei )) + j:l=iH a (d 2 ^(exp(X),e)(F(X)(e a )) 
= ELi IPdxiexpXei) + ELi H a d x (exp)(e a ). 

To pull the "scalars" out of d 2 p in the above we used the following observation. Since \x : 
Q x Q — > Q is G°° so is the mapping with one argument fixed, that is (p a )(x) = p(a,x) is G°°. 
Therefore d e \x a is a mapping from the full tangent module T e Q = g into T a Q such that 

v q 
(d e p a )(H) =Y d H i {d e p a ){e i ) + Y,H a {d e n a ){e a ). 

i=l a=l 

We have shown that dx(exp) is linear over the components H l ,H a and hence that exp is 
superdifferentiable at X for each X £ q°. It follows that exp is of class G . □ 

Lemma 5.17. exp : g° — * Q is a class G 2 mapping. 

Proof. Let H,K G g° and let A i-> X A be a curve in g whose value at A = is Xo and whose 
derivative at zero is given by ^(X x )\ x= q = K. 
For each A we have 

d Xx (exp)(H) = (d 2 ^)(exp(X x ),e)(F(X x )(H)) 
from which it follows that 

d Xx {exp)(H) 

(d 2 p,)(exp(X x ),e)(F(X x )(H)) 

= d x (d 2 p) (exp(X , e) (£(exp(X x ))(F(X ) (H)) 
+ (d 2 »)(exp(X ,e)(±(F(X x ))(H)) 

= d 1 (d 2f i)(exp(X ,e){d Xo (exp)(K)(F(X )(H))) 
+ (d 2f i)(exp(X ,e)((d Xo F)(K),H) 

= d 1 (d 2t i)(exp(X ,e)((d 2 n)(exp(X ,e))(F(X )(K)(F(X )(H))) 
+ (d 2 p)(exp(X ,e)(d Xo F(K)(H)). 

Since F and fi are of class G°° we find that we can expand d Xo (exp) (K, H) linearly in the 
components of K and H as is required by Theorem l3.11l in order that exp be a class G 2 mapping. 
Thus exp is of class G 2 . □ 



d 2 Xo (exp)(K,H) ee A 



d_ 

dX 
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Theorem 5.18. exp : q° — > Q is a class G°° mapping. 



Proof. The proof is by induction on k. Inductively, assume that for each k there exists a G°° 
mapping X k from q° x Q into the space of all A-multi-linear mappings from Q k into TQ such that 

dx(exp)(v 1 ,v 2 , ...,v k ) = X k (X,exp(X))(vi,v 2 , . . . ,v k ). 

Note first that there exists such X k for k = 1, 2 by the previous two lemmas. In particular, 

d x {exp)(v) = X l (X,exp{X))(v) 



where 

Likewise, 

where 

*2 



X\X,a)(v) = (d 2f i)(a,e)(F(X)(v)). 
d x (exp)(v 1 ,v 2 ) = X 2 (X,exp(X))(vi,v 2 ) 



X 2 (X, a)(v u v 2 ) = d x {d 2l M){a, e){(d 2 fi)(a, e)(F(X)(«i)(F(A:)fa))) + (d 2 ^)(a, e)((dxF)fa)(i*)) . 

Now assume the existence of X k and prove A fe+1 exists. If A — > X\ is a curve in g whose value 
at zero is Xq and whose derivative at zero is v±, then 



d k x j Q 1 {exp)(v 1 ,v 2 ,...,v k+1 ) = d Xo 



dx 



d k (exp)(v 2 ,v 3 , . . .,v k+1 ) 



d k (exp)(v 2 ,v 3 , . . .,v k+1 ) 



_d_ 



_d_ 



d k x (exp)(v 2 ,v 3 ,...,v k+1 ) 



(vi) 



(za^a|a=o) 



A=0 



X k (X x , exp(Xx))(v 2 ,v 3 , v k+ x) 



A=0 



[(diA fe )(X 0) exp{X )){v l )}{v 2 , . . . , v k+1 ) 
+ [(d 2 X k )(X , exp(X ))(±(expX x )\\=o)}(v 2 , v k+1 ) 

[(diA fc )(X , exp(X ))(ui)](u2, . . . ,v k+1 ) 
+ [(d 2 X k )(X ,exp(X ))(X 1 (X ,exp(X ))(v 1 )](v 2 , . . . ,v k+1 ). 



Thus, 



where 



cf x + (exp)(vi,v 2 , . . . , Ufc+i) = A ' + (X, exp(X),e)(vi,v 2 , . . . ,v k+ i). 

X k+1 (X,a)(vi,v 2 ,...,v k+ i) = [(diA fe )(Z,a)(ui)](u 2 ,...,u fc+ i) 

+ [(d 2 X k )(X, a)(X 1 (X, o)(«i))](«2, . . . , u fc+ i). 

By the induction hypothesis it follows that A fc+1 is of class G°° and d^ 1 (exp)(fi, ^2, • • • ,v k+ \) 
is multi- linear over g° for each Xo € 0°. It follows from Theorem 13.111 that exp is a class G°° 
mapping from g° to £/. □ 
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Theorem 5.19. Let Q be a (p\q)-super Lie group and S a subgroup which is also an initial 
(r\s)-submanifold of Q. Then S is a (r\s)-super Lie group. 

Proof. Let i : S > Q denote the inclusion mapping and /Us,/ig the group "multiplications" on 
«S and Q respectively, then by Theorem 4.5 fig o (i x i) is the composite of G°° mappings and 
so is of class Since S is an initial submanifold, it follows from Proposition 4.7 14.41 that 

the unique mapping n$ ■ S x S — > S such that i o fig = fig o (i x i) is of class G°°. A similar 
argument shows that invs is a class G°° mapping. The Theorem follows. □ 

Definition 5.20. If Q is a (p\q) super Lie group and S C Q is a subgroup which is also a 
(r\s)- submanifold of Q then we say S is a sub-super Lie group of Q. 

Remark 5.21. If S is a closed sub-super Lie group of a super Lie group of Q then BS is a 
closed sub-Lie group of BQ as Banach Lie groups. Moreover the coset space BQ/BS is known to 
be a Banach manifold and BQ — > BQ/BS is a principal fiber bundle with structure group BS. 

Theorem 5.22. If Q is a (p\q) super Lie group and S is a closed (r\s) sub-super Lie group of 
Q then Q/S is a (p — r\q — s) supermanifold. Moreover Q — > Q/S is a G°° -mapping and is a 
principal fiber bundle with structure group the super Lie group S. All local trivializing maps are 
G°° -maps. 

Proof. One only needs to check that the mappings which define the bundle structure of BQ — > 
BQ/BS are in fact G°°-maps so there is little to prove. We sketch the main features of the proof 
for the convenience of the reader but in fact the argument is borrowed from Brocker and Dieck 

in 

First notice that since i : S Q is G°° the mapping d e i : T e °5 =— > T®Q is injective. Choose a 
pure basis {ei,e a } , 1 < i < r and 1 < a < s of T e S, and extend it to a pure basis {ei,e a } , 
1 < i < p and 1 < a < q of T e Q. Thus, 

T S ^ K r\s ^ K r\s x K ( P -r\q-s) ^ jOg 

and one may factor T°Q = T e °5 x M e as Banach spaces where 

p i 
v G M e v = iPej + v a e a 

j=r+l a=s+l 

where ,v a € A. The Banach structure is given by the norm on T®Q which is defined by, 

|| j2H l e i + Y^H a ~e a \\ = j^\H l \ A + Y,\H a \ h 

8=1 a=l 8=1 a=l 

for H l £ °A and H a € 1 A and | • |a is the norm on the Banach algebra of supernumbers A. The 
definition for the norm on subspaces of T®Q is obvious. 

Now define M% = {X € M e \ \\X\\ < e} for e > and let V e = exp{M e ). Recall that 
exp : T®Q — > Q is both a local C°° diffeomorphism and a G°°-mapping. Consider \x : T> t x S — > Q 
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defined by fi(g,s) = gs in Q. We claim that for e small enough \i is an embedding. To see 
this first note that (d/x)( e , e ) \(T®V e x {0}) and (d//) (e>e) | ({0} x T e °S) are identity maps on Tg"D e 
and T e °5 respectively. So (d/j,)f e ^(v,w) = v + w and if (d/j,)r e ^(v,w) = then v = —to G 
TgD e n Tg5 = {0} and ker{dpL)u e \ = {(0,0)}. By the inverse function theorem for Banach 
manifolds there exists an open set U about e in S and e > small enough 
so that /j, : V e x U — > VJJ is a C°° diffeomorphism. It is also a G°°-mapping since the group 
operation on Q is a G°°-mapping and since the inclusions T> e x U ^ T> e x S ^ Q x S ^ Q x Q 
are all G^-mappings. Note that for s £ S the right multiplication map R s : — > Q defined by 
R s (x) = xs is a G°°-mapping and so is 

H\(V e x (Us)) = R s o [fi\(V e x S)} o [id Ve x R s -i}. 

Moreover n\(T> e x (Us)) is a C°° diffeomorphism from T> e x (Us) onto T> e Us for each s£5 and 
fJ>\('D e x S) is a local C°°-diffeomorphism and a G°°-mapping. We claim that for small enough 
e, /u|(P e x S) is injective. Indeed if one chooses V CQ open about e such that (V^F) n<S C U 
then for each e' < e , e' > such that V e / C T/ one can show that n\(T> e i x S) is injective. 

Thus we have the existence of e > such that fi : V e x S — > is an embedding. 

We now show how to obtain a G°° structure on the coset space Q/S. Let r] : Q ^ Q/S 
denote the mapping which sends x £ Q to the coset i](x) £ Q/S. For g £ Q let U g = gT> t S and 
notice that J7 S = fi(T> e x S) is open in Q. Since U g is the union of cosets rj(U g ) is open in the 
quotient topology on Q/S. Let ip g l denote the inverse of a chart where i\)~ x : T> e — > rj(U g S) is 
defined by 

2? e — >P £ x{e}^P e xS^ £> £ <S #£> £ <S = U g v (U g ). 
For g,h £ Q such that the relevant maps are well defined, 

(V'/ l oV'- 1 )(x) = Vft^p 1 ^)) 

= ^h(v(lg(K x ,e)))) 

= ^h(v(lh(l h -^g)(^(x,e)))) 

= ^(vik^h^gx^)))) 

= h-ig(x)- 

Thus iphoipg 1 is a G°°-mapping and consequently {(rj(U g ),ip g ) \ g £ Q} is & G°° structure on Q/S. 
We now produce a G°° local trivialization of Q as bundle over Q/S 

For g £ Q let ^ : r?(?7 s ) x 5 -► U g C be the inverse of our proposed trivialization mapping 
where is defined by 

V (U g ) x S ^ V e xS^V e S^ gV e S = U g 

meaning, 

(x, s) i ^ s) ^ n(tp g (x), s) h-> l g (^ g (x), s)). 
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For appropriate g,h € Q 



{4>h°4>g l ){x,s) = (j) h (lg{n(i> g (x),S))) 

= 4>h(lh{(h' 1 g)n(^g(x),s))) 

= ^h(lh{{h- 1 g)^ g (x)s)) 

= <t>h{h{i>hix)s)) 

= 4>h(lh(v(iph(x),s))) 

= faith 1 ( x > 8 )) 

= (x,s). 

Thus two "adjacent" local trivializing maps agree and one has a principal bundle structure on 

g g/s. □ 



6 A Super Version of Lie's Third Theorem 

Our next result requires us to show that if one has a supersmooth (G°°) vector field on the even 
part of a super Lie algebra and if this vector field depends supersmoothly on a parameter then 
the solution depends supersmoothly on both the parameter and the initial condition. 

Consider then a Banach super Lie algebra g and a function F : g° x g° — > g° which we 
interpret as a parameterized vector field on g°. What does it mean to say F is a G°° func- 
tion? We choose a basis of g and identify g° with ~K p \ q via the obvious globally defined chart. 
We actually choose two copies of the same chart but denote the components of the first by 
(ui, u 2 , ■ • • , u p+q ) and its copy by (v , v 2 , ■ ■ ■ , v p+q ). So coordinates on g° x g° will be denoted 
by (u l ,u 2 ,--- , u p+q , v , v 2 , ■ ■ ■ ,v p+q ) although strictly speaking these should be reordered so 
that all even coordinates come first in the 2(p-(-g)-tuple and the odd coordinates last so that the 
chart has its values in K 2p ' 2lJ . Throughout this section, E will denote the Banach space g° x g° 
with the norm defined below. Thus E is a G°° manifold with a single global chart. Now F is a 
G°° function iff all its component functions are. 

In that which follows we will assume F is of class G°° in which case it is necessarily of class 
C°° on the Banach space E. Additionally, by Theorem 13. 1 II there will exist continuous functions 

D A 1 A 2 ---A^ °J3iB 2 -B,> A 1 A 2 -A k B 1 B 2 -B l 

such that 

(d k 1 F) (x>y) (x 1 ,x 2 ,--- ,x k ) = ^x^x^.--x^b u AiA2 -A k (^y), 

id l 2 F) ix , y) (Y u Y 2 , ■■■ ,Y t ) =Y,Y 1 Bl Y 2 B * ■ ■■Y l Bl b BlB2 ... Bl (x,y), 

id^F^iX^X,, ■ ■ ■ , X k , Y 1 , Y 2 , ■ ■ ■ , Y t ) = £ X^ ■ ■ ■ XpY* ■ ■ ■ Y^b^.A^..^ ■ 

Here d\F denotes the i-th partial Frechet derivative iterated r times for i = 1,2 while 
(d\d l 2 F denotes I iterations of the second partial Frechet derivative followed by k iterations of 
the first partial Frechet derivative. Not all cases are exhibited above; one should consider iterated 
partial derivatives obtained via any permutation of first and second partial Frechet derivatives 
and similar formula would exist for each reordering. All such conditions characterize when a 
class C°° function F is of class G°° by Theorem 13.111 
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If g denotes such a Banach super Lie algebra let E = g x g denote the Banach space 
with norm defined by \\(X,Y)\\ E = max{\\X\\^,\\Y\\ g0 } for (X,Y) G E. We write B r (0) to 
denote {X G g°| \\X\\ g0 < r} and B? (0) for {(X,Y) G £7| ||(X,Y)|| < r}. We also drop the 
subscripts on both || • \\e and || • || o below since it should be obvious from the context which 
norm is intended. 

Lemma 6.1. Let F : g° x g° — > g° be a class G°° mapping such that F(0,0) = 0, and such that 
for some positive number M and each positive number r, \\(d,2F) u \\ < rMe rM for all u G B~{fS). 
Then, for some r > 0, there exists a unique mapping f : [0, 1] x Bf{fS) — > g° such that 

(1) for each t G [0, 1] the mapping from E into g° defined by u — > f(t,u) is a class G°° mapping 
and 

(2) f t (t,X,Y) = F(X,f(t,X,Y)) and f(0,X,Y)=Y for all (X, Y) G flf(0). 

Proof. First we show that there exists a C°° mapping / which satisfies condition (2) of the 
lemma. For this purpose consider the mapping F : E — > E defined by F(X,Y) = (0,F(X,Y)). 
Then F is a smooth vector field on E such that ^(0,0) = and by Corollary 4.1.25 of 
there exists r > such that whenever u G E and ||w|| < r there exists an integral curve of F 
through u which is defined on [—1, 1]. Since there exists a flow box of F at (0, 0) on E it follows 
that, for some r > 0, there exists a smooth function / : [—1,1] X Bf{fS) — * E such that for 
(t, u) G [—1, 1] x B^(0) 

^t(t,u)=F(f(t,u)) /(0,u)=n. 

Since, for u = (X, Y) G Bj?(0), F(f(t,u)) = (0, F(f(t, u))) and % = ($,$) it follows that 

= and ^ = F(f(t, u)) = F(X, *jr(t, u)). Consequently, / = is a smooth mapping from 
[0, 1] x Bf (0) into 5° such that 

^(t,X,Y) = F(X,f(t,X,Y)) and f(0,X,Y)=Y 

for all (X,Y) G (0). 

We must now show that (1) of the Lemma holds. To do this we require an explicit formula 
which shows how the derivatives of the function (X, Y) — > f(t,X,Y) depend on X and Y for 
each fixed t G [0, 1]. 

Let J- denote the Banach space of all continous maps g from I = [0, 1] into g° equipped with 
the sup-norm: 

|| g || = lub teI \g(t)\. 

It is our intent to show that the mapping h : B^(0) — ► T defined by h(u)(t) = f(t,u) for 
u G B^(0),t G [0, 1] is of class G°°, that is, we will show that the mapping from B^(0) to g° 
defined by u — > h(u)(t) is of class G°° for each t G [0, 1]. It will then follow that the solution of 
our differential equation is a G°° function of (X, Y) where X G g° is a parameter and Y is an 
initial condition of the differential equation. To avoid excessive language we simply say h is of 
class G°° in this situation. 
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Notice that g x g is a Banach super vector space such that (g x g) = g° x g° = E and 
(fl x S) 1 = 1 x fl 1 - A function such as h : Bf(0) — > T is of class G°° iff the function h t : — > g° 
defined by ht(w) = h(w)(t) is of class G°° for each i and by Proposition 111151 this is true iff it 
is of class C°° and the derivatives d^hf of the components hf are multi-linear. Here d^hf is 
a mapping from [T w E) k = E k into A. Since this is a condition on the components hf of ht we 
may write d^ht = dJ^hfes and think of it as a g°-valued function. Indeed, h t = hfes where 
{e#} is a basis of g (not g°) and so h\,h%, ■ ■ ■ h\ are even functions while hf + , /if" 1 " 2 , • • • , /if" 1 " 9 
are odd. Thus d^hf maps into A for 1 < B < p and maps into A 1 for p+l<B<p+q from 
which it follows that d k w h t = d k w hf e% is g°-valued. 

Observe that multi-linearity implies that for each t G [0, 1], there exist continuous functions 
7?cW"Q : B r(0) - 0° such that 

d l w h t {Y x ,Y 2 , ■ ■ ■ ,Yi) = if 1 Y 2 Ca ■ • • Y/VeW.-Q H 

for Y\,Y 2 , ■ ■ ■ ,Yi £ E. We do not need to write explicit formulas for the functions "ftc^Cz—C we 
need only know that if Y± , Y 2 ) • • ■ > Y are arbitrary elements of E and are written in terms of their 
components relative to the basis g^pr, -^w then d l w ht(Y\, Y 2 , ■ ■ ■ ,Yi) is linear in the components 
of each Y{. The order in which the components Y^ 1 Y 2 C2 ■ ■ ■ Y, 1 occur will not be important since 
they can be permuted up to signs and the definition of ^tCiC^—O can ^ e adjusted in a manner 
to agree with Theorem 13.111 
Define K : E x T -» T by 

K((X,Y),g)(t)=Y+ I F{X,g{s))ds 

J 

for (X,Y) G E. Notice that K((X,Y),g) = g iff 

^ = F(X,g(t)) and 5 (0) = tf((X, Y), g)(0) = Y. 

If / is the smooth solution of the vector field F obtained above and h : Bf?(0) — > T is defined 
by h(u)(t) = f(t, u) for t G [0, 1], u G Bf?(0), then /i is smooth (since solutions depend smoothly 
on parameters and initial conditions) and 

K(u, h{u)) = h{u) V u G B? (0) C £ 

Thus if ff(u, /) = / - iT(u, /), then 

H(u,h(u)) = 

and for A->«a a curve through it in B^(0) and 5 = :jt(ma)|a=o 

H(u\, h(u\)) = 

we have 

(u,h(u)) 

(5) + (d 2 H) ( uH ( u ^((dh) u (5)) = 0. 

If we can show that r > can be chosen small enough so that (jd%H)f u M u \} : T — > J- has an 
inverse for all (u,h(u)), then it will follow that 

(d 2 H)((dh) u (5)) = -(dtH)(6) 
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and that 



(dh) u (S) = -(d 2 H)^ Mu)) ((d 1 H) iuMu)) (5). 



(36) 



This explicit formula for dh will enable us to show that h is of class G 1 and eventually that it is 
of class G°°. In order to obtain the required r > first notice that d 2 H can be written in terms 
of d 2 K which, in turn, can be written in terms of d 2 F. Indeed, if A — > f\ is a curve in T through 
/ G !F, then 

(^W)(^(/a)|a=o) = A)) U=o 

= £(/a-#(« } /a))U=o 



^(/a)|a=o-(^)( uJ )(^(/a)|a=o) 



and denoting Sf = ^(/a)|a=o> we have 



(d 2 H) {u j ) (5 f )=5 f -(d 2 K) {uJ) (5 f ) 



(37) 



It follows that (d 2 H)r u ,f) = Ij7—(d 2 K)r u ,f) as operators and so if the operator norm of (d 2 K)r u ,f) 
is smaller than 1, then {d 2 H)r u j\ will be invertible. But we also know that K((X,Y), f\)(t) = 
Y + f* F(X, f\(s))ds so that 



(d 2 K) {{xy)J) {5 f ){t) = ±(K((X,Y),h)(t)) 



Note that, 



\\{d 2 K\ uJ) {5 f )\\< I \\(d 2 F) {XJ{s)) \\ \\S f (s)\\ds<rMe rM \\S f \\ 



and ||(c?2-^)(u,/)ll < rMe rM < 1 for appropriately chosen r > 0. Now let w\ = (X X ,Y\) G B?(0) 
be a curve through w = (X,Y) and 5 = 4-(wa)|a=o = (Si,5 2 ) G E = q° x g°, then 



/)(*) = f(t) - K(w x , f)(t) = f(t) - Y X 

and (diH) {wJ) (5)(t) = -5 2 - f Q (diF)(x,f(s))(.8l)ds- 
Let S(t) = (diH)( W)h ( w y(6)(t), then 



F(X x J(s))ds 



S(t) 



-6 B — 







h i (d 1 F) ixMw)is)) (-^- s )ds. 



It follows that eqn.j3H] becomes 



{dh) w {5) = -(d^r^d^)^^)) 

= {d 2 H)~\8) 

= [I r - (d 2 K) {wMw)] }- 1 (5) byeqn.[37] 

w,h(w)) 

= 8+ (d 2 K) {wMw)) (5) + (d 2 K) {wMw)) (d 2 K {wMw)) (5)) H h {d 2 K) l {w h{w)) (5) H 

(38) 



37 



We now show that h is of class G . For 8 as defined above, 
(d 2 K) {wMw)) (5)(t) = 

rt 



where 



7lH(*) = - / {d2F) {W)h{w){s)) ( J (diF) {XMr)) (-^- E )dr)ds 



JO 



and 

7b («»)(*) = -y ( < fe ir )(ii>,M«')W)(^B') <fa - 

Write (d2^)(«>,/i(«)))(^)(*) = YltC & ic{ w ){p) where the components 8 include all the compo- 
nents of both 8\ and 82 and the 7c include both types of indexed functions 7^ and 7^. We have 

(w,h(w)) 

= [(d2K) {wMw)) } l - 1 (J2 sC ^cH) = Y,S C [(d2K) {wMw)) t\ lc (w)) =Y J t C " b cM 
B C C 

for some set of continuous functions b l c from Bf{jS) to T . It follows that if w G Bf?(0) and 
5=(5i,5 2 )G^ = 5 O X0°then, 



= (<^U<5)(t) = ^^X^S^H(t) 



C (=0 

and by Theorem 13. Ill h is of class G 1 . 

To show that h is of class G 2 one selects a curve \ —> w\ in B^(0) with value w at A = and 
with = ^(u;a)|a=o G ^- Then, for fixed J2 G ^^-(^l,^) = ^.{d Wx h){82) can be computed 
in terms of d\{d2K)^ wh ( w ^ and d2(<i2-^)(u>,/i(iu))- Indeed, d^/t^i, #2) is a sum of terms each of 
which is multi-linear in both variables 81,82- Explicitly, by Equation (51), if we define 81,82 as 
above, then 

X I ^ 

1=1 i=0 

where 

dX(( rf 2^)(» i , A ,/ l (» i , A )))([(d 2 ^)(» i ,,ft.(u,))] / ^ 1 (^2))|A=0 

)) r l -\8 2 ))+{d2d2K) ((dh) w (8 1 ),[(d 2 K) {wMw)) t i - 1 (8 2 )). 

In order to show that d^h is 2- multi-linear it is useful to first show that for arbitrary 
4>i,4>2 € E, (did2K)((f)i, <j>2){t) is bilinear in the components of 4>i, (p2- Here, for arbitrary <j> E E, 
kt) = - ^ Io(diF\ XMw){s)) (p)ds. 

Recall that (d2K)(fx,Y),f)(df)(t) = Jo ( d2 ^)(xj(s))(^fi s ))ds, and note that for <f>\ = ((j)x,<f>Y) € 
T<x,Y)E = E and £ E with 02 as defined above 

(did 2 -£Q(</>i,02)(*) = / (di(i 2 F)( X j (s)) (0x,02(s))ds. 
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Since (did2-F)(x,/( s )) (4>x, <f>2(s)) is linear in the components of (pi, fa we see that {d\d,2K){<f>i, <f>2)(t) 
is linear in the components of <pi and <p2- Thus (d^K) is 2-multi-linear in both input variables. 
Since this holds for arbitrary <p2 and since for any 82 we can define <p2 by taking it to be 
[(d2-f^)( u ,,/ l (u;))]' _l_1 (^2)) and since the latter is linear in its components we see that the compos- 
ite 

(did 2 K)( Wjh ( w ^(5i, [(d 2 K)^ Wjh ^] l ~ l ~ 1 (S2)) 

is linear in the components of 82 ■ It is obvious that it is also linear in the components of 8\ and 
so is multi-linear in the components of 81,82. 

A similar argument shows that (d2d2K)( w f l ( w ^((dh) w (8i), [{d2K)( w> h(w j)]' - '" 1 ^) is also 
multi-linear in the components of both Si and 82- It follows that d%jh(5i, 82) is as well. Conse- 
quently, h is of class G 2 as asserted above. 

To see that h is of class G°° we must examine higher derivatives of both F and K. Since 
F is of class G°° , (d l 2 F) w : g° x g° — ► g° is multi-linear over g° for each positive integer I and 
w G B E (0). Moreover, we have for w = (X, Y) G B E (0) and Yi, Y 2 , • • • , Y; G ^ 

(d l 2 K) (wMw)) (Yi,Y2,--- ,Y l ){t) = f{d l 2F) (XMw){s)) {Yi{s),Y2(s),--- ,y, (*))*>■ 

■/ 

Consider the special case when each Y : I — > g° is either constant or satisfies the condi- 
tion Yi(t) = 8i(t) = -8\ B ^ - 5\ A J^diF^^i^ds for supernumbers 8\ A ,8\ B . In this 
case, it follows that {d 2 K)i w M w \\{Y\,Y 2 , • • • , Yj)(t) is linear in the components of Yi, Y 2 , ■ ■ ■ , Y\ 
since (d 2 -P)(x,/i(u;)(s))(^i( s )> ^2(5), • • ■ ,Y(s)) is (recall that F is of class G°° and so is multi- 
linear over q°). Similar results hold in the "mixed" case. For example, if w G B E (0) and 
Xi,X 2 ,--- , X k ,Yi,Y 2 , ■ ■ - Yi £ J 7 , then 

(d k 1 d l 2 K) {wMw)) (X 1 ,X 2 ,--- ,X k ,Yi,Y 2 ,--- ,Y t )(t) 

= f(d k id 2 F) {XMw){s)) (Xi(s),X2(s),--- ,X k {s),Yi{s),Y 2 {s),--- ,y, 
Jo 

and the latter is linear in the components of Xi(s),Yj(s) whenever each of them is either constant 
or assumes the special form of 8(s) for some 8 G E. 

To show that h is of class G°° one proceeds inductively. Assume that d^ht : E k — > g° is 
multi-linear over 0° for each t E I,w e B E (0) and that d^/i : — > .T 7 is a linear combination 
of terms each of which is a composite of the functions d r w h, r < k, and iterates and composites 
of partial Frechet derivatives of K (see, for example, the formula for d 2 h above). Notice that if 
w G B E (0),t G /, then for <5i,<5 2 ,--- ,8 k+1 G E 

d k w +1 h t (8i,8 2 ,--- ,8 k+ i) = di +1 h{8i,8 2 ,--- , 8 k+ i ) (t) = d w [d k w h{8 2 ,- •• ,<$ fc +i)](<*i)(*) 

and 

d w [d k w h(8 2 ,--- ,8 k+ i)](8i)(t) = ^-(d k wx h)(8 2 ,--- ,8 k+ i)\ x=0 (t) 

where A — > it; a is a curve through G B E (0) such that <5i = ^(u>a)|a=o- Now the inductive 
assumption guarantees that d Wx h is multi- linear over g° and that it is sum of terms each of which 
is a composite of functions d r w h, r < k, and iterates of various partial derivatives of K evaluated 
at the point (w\,h(w\). Derivatives of such terms with respect to A generically increase the 
number of partial Frechet derivatives of K and will increase the number of derivatives of h by 
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at most one. Thus di +1 h has the same form as that of d^h with at most one extra derivative 
of h. It follows from the discussion in the paragraph preceding this one and from calculations 
analogous to those showing that d^ht is bi- linear that d^^ht : E k+1 — > g° is multi-linear over 
g°. This inductive argument assures that d l w ht : E l — > g° is multi-linear over g° for every positive 
integer I and every w € B^(0) and so by Proposition 13.151 it follows that h t : Bf{fS) — > g° is of 
class G°° for each t € I. The lemma follows. □ 

Corollary 6.2. Let F : g° x g° — s> g° be defined by 

oo „ 

F(X,Z) = X + J2 1 jad k z (X) 

k=l 

where Bq, Bi, B2, ■ ■ ■ are the Bernoulli numbers. Then there exists a positive number r and a 
function W : [0, 1] x (0) -» Q° such that 

(1) for each t € [0, 1] the mapping from B^(0) into g° defined by u — > W(i, u) is a c/ass G°° 
mapping and 

(2) ^(t,X,Y) = F(X,W(t,X,Y)) and W(0,X,Y) = Y for all (X,Y) G (0). 



Proof. Given i 7 as defined above, observe that it follows from Lemma 5.13 and the second half 
of the proof of Corollary 5.15 that F is of class G°° since 

00 

F(X,Z) =Y J Fk{X,Z) 

k=l 

where 

F k (X,Z) = ad k z (X) 

is A- linear in X and is the diagonal of a A- multilinear mapping in Z up to signs. 
(Here [z\, Z2, ■ ■ ■ , Zk) >— ► [^i, [2:2, [• • • , [zk, X], ■ ■ ■] is multilinear up to signs in the z% over A for 
each i = 1, 2, . . . k and ad z (X) is the diagonal of this map in the z variables.) Also, notice that 
for X,Z G B r (0), 

OO I 7D I OO 1 

\\(d 2 F) {X)Z) (H)\\ <J2k^M k \\Z\\ k - 1 \\X\\\\H\\ < rMj^ ^jyyy (r Af ) fc ~ 1 1 1^| | = rMe rM \\H\\. 



k=l 



Since F(0, 0) = it follows from the Lemma that there exists a function W : [0, 1] x B r (0) x 
B r (0) — > g° which satisfies (1) and (2) of the Lemma. The Corollary follows. □ 



6.1 A Super Lie Theorem 

Theorem 6.3. Assume that q is a Banach super Lie algebra such that 

(1) q° is enlargable with Lie group the Banach Lie group G, and 

(2) for all g €G, Ad g : g° -> g° is °A-linear. 

Then there exists a G 00 -atlas on G such that the corresponding supermanifold Q is a super Lie 
group with respect to the group operations on G. Moreover the even factor C(Q)° of the super 
Lie algebra of left-invariant vector fields on Q is Lie algebra isomorphic to g°. Ln general, it 
does not follow that g is isomorphic to C(Q) as super Lie algebras. In fact, g can be given two 
different super Lie structures such that C(Q)° is Lie algebra isomorphic to g°. 
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Proof. Using our Lemma and Corollary, the proof follows that of Duistermaat and Kolk jHj . Let 

g® = \X G g° I = rrady has an inverse } 

ad x t^ (k + l)\ 

If 77 : g° e — > 0° is defined by = e a ^" J then the inverse of rj(X) is given by CG^Q where ( is 
the mapping from Q° e to g° defined by 



C (*) = ^737 = L "F a ^ 



fc=0 



where B , Bi, B 2 , ■ ■ ■ are the Bernoulli numbers (see [SJ). We know that X 1— > adx is a G°° 
mapping from g° to End(g°), moreover we also know that the mappings from End(g°) to 
End(g°) defined by 



A„Y-±—A k and A ^yE}i A * 
^ (k + 1)! ^ fc! 



fc=0 v ' k=0 

are G°°-mappings (by Lemma 5.13 and the proof of the second half of Corollary 5.15) 
Define a mapping F : g® x g° — » g° by 

00 „ 

F(X,Z) = C(^)W = Elf a 4W- 

fc=0 

It follows from the last Corollary that there exists a function W : [0, 1] x B r (0) x B r (0) — > g° 
such that 

(1) for each t G [0, 1] the mapping from B r (0) x B r (0) into g° defined by (X,Y) -► W(t,X,Y) 
is a class G°° mapping and 

(2) ^-(t,X,Y) = F(X,W(t,X,Y)) and W(0,X,Y) = Y for all (X,Y) G Bf(0). 
Thus if we define /x : g° x B r (0) — > g° by 

A*(x,y) = w(i,x,y), 

then // is a class G°°-mapping. It follows from the argument of the proof of Theorem 1.6.1 of 
Duistermaat and Kolk jHj that 

exp(fi(X,Y)) = exp(X)exp(Y) 

for all X, Y G B r (0) C g®. Now we know exp : g° — > G is a C°°-diffeomorphism on a small 
ball about G 0° (here G is the Banach Lie group having g° as its Lie algebra). For each 
x G G define K x (y) = log(l x -i(y)) where log = exp^ 1 . Then k x is a local C°° diffeomorphism. 
Duistermaat and Kolk show that for x,y such that k v o (k x )~ 1 is defined it follows that 

(«» o (n x )- l )(x) = y y = M ( M (y , -x ), x) 

for a choice of X , Y Q in dom(n x ) n dom{n y ). Thus 

(^o(^)- 1 )(x) = / x(^(y ,-x ),x) 
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and consequently, kP o (k x )~ 1 is a G°° mapping. It follows that the family of maps {k x } is a 
G°°-atlas on G and we denote the resulting supermanifold by Q. Following Duistermaat and 
Kolk once more, let m : Q x Q — > Q be defined by m{x, y) = xy^ 1 where m is just the group 
operations on G. We show m is of class G°°. We have 

(k^ 1 omo [(k*)- 1 x = k^' 1 (m((K x )- 1 {X),(Ky)- 1 (Y))) 

= k x ^ ' ((K x y 1 (x){Ky)~ 1 (Y))- 1 ) 

= ad y (fi(X, -Y)) 

since 

xexp(X)(yexp(Y))~ 1 = xexp(X)exp(—Y)y~ 1 

= xy~ l yexp(n(X, -Y))y _1 
= xy~ l exp(ad y (p(X, -Y))). 

Since ad y : g° — > g° is a G°°-mapping for all y G G we see that 

k^ 1 o m o [(k^)- 1 x (k^)- 1 ] 

is a G°° mapping since it is just the map 

(X,Y)»ady(ti(X,-Y)). 

Thus Q is a super Lie group. Finally notice that C{Q) can be identified as a super Lie algebra 
with T e Q and consequently C(Q)° = T®Q = T e BQ = q° as Lie algebras. 

Notice, however, that without further restrictions C(G) can not generally be shown to be 
isomorphic to g as super Lie algebras. To see this note that we can define a trivial super Lie 
algebra structure on q which is generically distinct from the given one in such a way that the Lie 
structure on g° is not affected. Indeed, keep the module structures on g intact so as to leave our 
construction of G unchanged. On the other hand distort the super Lie structure by requiring 
that the Lie structure of g° remain unchanged, but require that [fl ,*} 1 ] = and [g 1 ^ 1 ] = 0. 
Thus generically, one has two super Lie structures on g which give rise to the same super Lie 
group G- Q 

Remark 6.4. If G and TL are super Lie groups and 4> ■ G — > Ti is a class G°° homomorphism 
then the mapping d e (p is a homomorphism from the super Lie algebra T e G to the super Lie 
algebra T e 7i ( using their obvious identifications with the super Lie algebras of left invariant 
vector fields). Moreover the diagram 



exp 




exp 
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is commutative. The proof of this result is almost identical to the proof in the usual Lie group 
case and is left to the reader. The point is that since d e (j) is A left-linear it is also a class G°° 
mapping so the entire diagram is in the G°° category. In particular notice that if<p is an injective 
inmmersion then this shows that the exponential mapping on Ti is simply the restriction of the 
exponential mapping on Q to 4>(H). This fact makes it possible to make contact with the physicist 
usual technique for identifying the super Lie groups of matrices of given super Lie algebras of 
matrices. 

7 Formal Supergroups 

The physics literature sometimes defines supergroups in terms of a formal multiplication. The 
rules for muliplying group elements are obtained from the Campbell-Hausdorff formula (see [§]). 
Apparently this is related to the approach taken by Berezin and Leites [3| , Kac , and Kostant 
|14j which are analogus to the formal groups in ordinary Lie theory (see |22| for example). The 
formal approach assumes a certain algebraic structure as the starting point. We, in contrast, 
have shown that the exponential function is a G°° mapping and can use our general results to 
prove that the relevant algebraic structure is correct. 

Let V = V° © V 1 denote a graded left A-module which is finitely and freely generated over 
A. Once for all, select a fixed pure basis of V of type (p, q) and recall that left A endomorphisms 
of V° may be represented by matrices. 

M= 2) (39) 

where A,B,C,D are respectively, p x p,p x q,q x p,q x q matrices over A which respect the 
grading. Also recall that M is even iff both A and D have only even entries while B and C have 
only odd entries. Similarly M is odd iff both A and D have only odd entries while B and C 
have only even entries. 

Let W = V° and notice that W is isomorphic as a vector space to W^ q . We denote the set of 
all matrices M defined above by gl(YV) and observe that it is a super Lie algebra with respect 
to the bracket 

[M,N] = MN - (-1)< m >WnM. 

Moreover it is a Banach super Lie algebra relative to the norm ||M|| = Yli~j=i H-^ylU- Clearly 
the subspace of even elements gl (W) is a Banach Lie algebra whose Lie bracket is induced by 
the multiplication of the associative Banach algebra structure on gl°(W). It is well-known that 
the group of units G/°(W) of this associative Banach algebra is open in the associative algebra. 
Moreover it is a Banach Lie group whose Lie algebra is precisely the Lie algebra structure on 
gl°(W) induced by the associative structure (see Neeb [N]). 

According to our general construction we may define a G°° atlas of charts on Gl°(W) having 
values in the even part of the super Lie algebra gl{W). We denote the resulting super manifold 
by Gl s {W). 

Proposition 7.1. The super Lie algebra of left invariant vector fields C(Gl s (W)) ofGl s (W) is 
isomorphic to the super Lie algebra gl(W). 
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Proof. We omit most of the details as they closely follow the usual proof that the Lie algebra 
of Gl(n,M) is gl(n, R). One shows that if B in gl(W) is identified with the vector tangent to 
G7 S (W) at the identity e, then the left invariant vector field on Gl s (W) is given by 

X B (A) = d e l A (B) = Y,(AB)i~\ A 

i,3 %3 

for A E Gl s (W). Here is a chart on Gl s (W) where Xij(M) denotes the ^'-component of the 
matrix M; thus A- valued function on Gl s (W). Notice that Xij is even for 1 < i, j < p 

and for p + 1 < i, j < p + q but otherwise is odd. Using the fact that X B = ^ i ■ k x ikBkjg§- 

one can now show that = [X M ,X N ] as in the usual case. The tedious details require 

careful, but straightforward, considerations of parities; they are left to the reader. 

□ 

It should now be clear that the various supergroups of matrices which occur in the physics 
literature are indeed super Lie groups relative to the Rogers definition of a supermanifold when 
the supernumbers are infinitely generated. The usual physics treatments of the subject begin 
with a super Lie algebra of matrices and then define the corresponding super Lie group by a 
formula which is tacitly assumed to be a supermanifold. The Campbell-Hausdorff formula is 
then used to link the super Lie algebra to its super Lie group. We have developed the machinery 
necessary to understand the super manifold structure of the underlying super Lie group and 
have shown that the exponential mapping is indeed a G°° mapping. These results then justify 
the physicist's intuition and also show how the super Lie group structure in the matrix case 
derives from more general principles. 

Definition 7.2. If Q Lie is a graded Lie algebra over C, then its Grassmann shell is the super 
Lie algebra QLie = A QLie defined by [XX, pY] = Xfi(—l) e ^ € ^[X,Y] SLie for A,/i £ A and 
X, Y G QLie- More generally, one says that a super Lie algebra q is a conventional Berezin 
superalgebra of dimension (p, q) if and only if it possesses a pure basis for which the structure 
constants have no soul. 

Notice that if we choose a basis {E m , E a }, m = 1, 2, . . . p and a = 1, 2, ... q of a graded Lie 
algebra Que over C where we define E m to be even and E a to be odd, then it is also a pure basis 
of the Grassmann shell of QLie and the corresponding structure constants relative to this basis 
are complex numbers. Thus the Grassmann shell of a graded Lie algebra over C is a special 
type of conventional Berezin superalgebra. 

Theorem 7.3. Let QLie = QLie ® 8Lie denote a (p,q) graded Lie algebra over C. Then there 
exists a super Lie group 7i whose super Lie algebra of left invariant vector fields is isomorphic 
to the Grassmann shell QLie of QLie- 

Proof. First apply Ado's theorem for the case of graded Lie algebras over C (see JTT] page 79). 
This theorem assures us that there exists an even injective homomorphism <fi : QLie ^ gl(r\s, C). 
We choose gl(r\s, A) to be the set of all left endomorphisms on a (r, s) supervector space V and 
identify these endomorphisms with their corresponding (r + s) x (r + s) A- valued matrices. Now 
identify QLie with its image in gl(r\s, A) and choose a basis {E m ,E a }, I < m < p,l < a < q 
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of Que- Finally, extend this (p,q) basis to a basis {E m ,E a }, m = 1,2,... (r + s) 2 , a = 
1, 2, . . . (r + s) 2 of g/(r|s, C). The Grassmann shell of gl(r\s, C) is 

r s 

gl(r\s, A) = { CE m + £ £ a E a \ C, C € A}. 

m=l a=l 

Likewise the Grassmann shell of Que , denoted gue, is constructed by replacing complex scalars 
by Grassmann scalars. Notice that the injective homomorphism naturally extends to the Grass- 
mann shell, thus we injectively embed the Grassmann shell of the graded Lie algebra into 
matrices having Grassmann supernumbers as entries: 

4> ■ Que ^ gl(r\s,A). 

Now we know that gl(r\s,A) = gl(V ) is the Lie super algebra of the super Lie group G S (V°) 
and that g2ie is a sub-super Lie algebra of gl(V°). It follows from Theorem 15.91 that there is a 
super Lie group TL which is a sub-super Lie group of Gl s (V°) having %j^e as its super Lie algebra 
of left invariant vector fields. Thus we have the commutative diagram. 

QLie ► gl(r\s,C) 

Que ► gl(r\s,A) 

□ 
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